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Learning Objectives

* Formulate unconstrained minimization and maximization problems in one or several variables.
» State conditions for optimality in terms of stationary points and second derivatives/Hessians.

» Understand gradient descent and explain the effects of step size, curvature, and conditioning.
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1 Optimization problems

Many numerical problems ask for a best choice rather than an exact solution of an equation. We might choose
model parameters that minimize disagreement with observations, a configuration that minimizes potential


https://web.stanford.edu/~boyd/cvxbook/bv_cvxbook.pdf
https://web.stanford.edu/~boyd/cvxbook/bv_cvxbook.pdf
https://web.stanford.edu/class/ee364a/lectures/unconstrained.pdf
https://www.seas.ucla.edu/~vandenbe/236C/lectures/gradient.pdf
https://www.seas.ucla.edu/~vandenbe/236C/lectures/gradient.pdf

Local maximum

Local miniimum \.

Saddle point
./ 7 ocal minimum R

/. b = x
Local minimum x

Local minimum

f(x1,x2)

fx1,x2)

Global minimum X1

FiGurE 1: A function f can be visualized as a surface (when n = 2). In general, the function will have
several local maxima and minima. It can also have so-called saddle points, points that are neither a
maximum nor a minimum.

energy, or a decision that maximizes a numerical measure of performance. The first step is to identify the
variables we can change and a scalar quantity that measures their quality. The problem can then often be
phrased as an unconstrained minimization:

min f(x). (1.1)

xeR”

The function f : R — R is the objective function, and x contains the decision variables. The case n = 1
concerns a function of a single variable. “Unconstrained” means that we impose no additional equations or
inequalities restricting the variables. (We will consider constrained optimization problems in the next lecture.)
We will principally consider differentiable objectives; whenever second derivatives are used, the required
smoothness will be stated.

A maximum can be found by minimizing the negative objective:

arg max f(x) = argmin(—f(x)). (1.2)

xeRn” xeR”

Here arg min denotes the set of inputs attaining the smallest objective value, whereas min denotes that value.
Either set of optimizers can be empty.

Definition 1 (Local and global minimizers). A point x,. is a global minimizer if f(x.) < f(x) for
every x € R". It is a local minimizer if there is a number r > 0 such that the same inequality holds
whenever ||x — x.|| < r. A local minimum is strict if the inequality is strict for every other point in that
neighborhood.

See Figure 1 for a depiction of local maxima and minima. A local minimum is best only among nearby
inputs. Consequently, a numerical method that takes small improving steps can settle at a local minimum
even when a better value is available elsewhere. Moreover, an unconstrained problem need not possess a
minimizer. The function f(x) = —x? is unbounded below. The function f(x) = e* is bounded below by zero,
but never attains zero; its infimum is zero and it has no minimum on R.



Optimization and root finding. The equation f(x) = 0 asks where a function vanishes; minimizing f asks
where it is smallest. These are different questions. Nevertheless, optimization and root-finding are closely
connected. To minimize a differentiable function, we will search for zeros of its derivative or gradient.

2 Single-variable optimization
A single-variable optimization problem is of the form

min f(x), 2.1

xeR

where f : R — R is the objective function and x € R is the variable being optimized.

( A
Theorem 2 (Single-variable optimality tests). Let f be twice continuously differentiable near x..

1. If x, is a local minimum, then f’(x,) = 0 and f”'(x.) = 0.
2. If f'(x.) = 0and f”(x,) > 0, then x, is a strict local minimum.

3. If f/(x.) =0and f”(x.) <0, then x, is a strict local maximum.

A point x, where f’(x.) = 0 is called a stationary point.
(& J

The second-derivative tests in items 2. and 3. of Theorem 1 follow from the Taylor expansion:

Fxe+h) = f(x) + f(x)h+ %f”(x*)hz +o(h?), (2.2)

where i > 0. At a stationary point, the linear term vanishes. If the second derivative is positive or negative,
the quadratic term determines the sign of the change for sufficiently small nonzero A. If f”/(x.) = 0, then
the second-derivative test is inconclusive. At zero, the functions x*, —x*, and x> all have vanishing first and
second derivatives, but exhibit a strict minimum, a strict maximum, and neither, respectively.

( A
Example 3 (A function with two global minima). Consider

fx) = (2 -1)2, Flx) =4x(x*=1),  f"(x) = 12x2 - 4. (2.3)

The stationary points are —1, 0, and 1. Since f”/(+£1) = 8 > 0, the points +1 are strict local minima.
Since f(x) = 0 everywhere and f(+1) = 0, they are also global minima. At zero, f”'(0) = —4, so zero
is a strict local maximum. There is no global maximum because f(x) — +oo as |x| — oo.

This example separates three tasks: locate stationary points, classify them locally, and determine whether
a local conclusion is global. A derivative-based iteration started exactly at zero can stop there even
though zero is not a minimizer. Figure 2 shows the two valleys separated by this stationary maximum.
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FiGurke 2: The objective f(x) = (x*> — 1) has two global minima and a stationary local maximum.

Stationarity alone does not establish optimality.

e

Example 4 (Stationary points and inflection points). Consider

f(x) = x3’ f,(x) = 3)(?2, f’,(x) = 6)6,

f/// (x) = 6.

2.4)

The only stationary point is x = 0. Since f”/(0) = 0, the second-derivative test is inconclusive.

Nevertheless, for every i > 0,

f(=h) =-h*<0=f(0) <k’ = f(h).

(2.5)

Thus, arbitrarily close to zero, there are points with both smaller and larger function values. Consequently,

zero is neither a local minimum nor a local maximum.

An inflection point is a point where the concavity changes. Here, f"/(x) < O forx <0 and f”(x) > 0
for x > 0, so the graph changes from concave down to concave up at zero. Because f’(0) = 0, this is
a stationary inflection point. The nonzero third derivative f’”/(0) = 6 corresponds to the cubic term,

which changes sign across zero.
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FiGURE 3: The stationary inflection point of f(x) = x3. The tangent at the origin is horizontal, but
the function continues increasing through the point as its concavity changes.

A quartic with several types of behavior. Now consider

g(x) = x* —4x3, g (x) = 4x*(x - 3),

77 1" (26)
g'(x)=12x(x-2), g"(x)=24(x-1).
The stationary points are x = 0 and x = 3, but they have different classifications.
At zero, g’(0) = g”’(0) = 0, while g"”"(0) = -24. ForO < h < 1,
g(=h) = h* +4h> > 0= g(0) > h* — 4n® = g(h). (2.7)

Therefore, zero is neither a local minimum nor a local maximum. Moreover, g’ (x) > 0 for x < 0 and
g” (x) < 0for 0 <x < 2, so the concavity changes from up to down at zero. Hence, zero is a stationary
inflection point.

There is another inflection point at x = 2: the second derivative changes from negative on (0, 2) to
positive on (2, o). However,

¢(2)=-16, g'(2)=-16#0. 2.8)

This inflection point is not stationary. An inflection point therefore need not have a horizontal tangent.
At the other stationary point, x = 3, we have g”’(3) = 36 > 0, so the second-derivative test establishes a
strict local minimum. In fact, this minimum is uniquely global, because

g(x) +27 = (x =3)*[(x+ D +2] 2 0. (2.9)

The second factor is strictly positive for every real x, so equality holds only at x = 3. Thus, g(x) > =27
everywhere, with equality only at the unique global minimizer.
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FiGUrE 4: For g(x) = x* — 4x3, zero is a stationary inflection point, x = 2 is an inflection point with
nonzero slope, and x = 3 is the unique global minimizer. The enlarged view shows the flat crossing
at the origin; the dashed line is its horizontal tangent.
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2.1 Using root-finding to locate stationary points

Newton’s method for a scalar equation g(x) = 0 gives xx+1 = xx — g(xx)/g’ (xx), provided the denominator is
nonzero. Choosing g = f searches for a zero of the objective; choosing g = f’ searches for a stationary point:

Solve f(x) =0:  Xgsq = X — f(xx) ,
1 (xk) 210
’ 1 (xx) :
SOlVe f (x) = O . Xk+1 = Xk — f’,(xk) .

The second update is Newton’s method for optimization. It seeks a stationary point and does not, by itself,
distinguish a minimum from a maximum. A zero second derivative makes the formula undefined, and negative
curvature can produce a step in an undesirable direction for minimization. A sign-changing bracket for f”
also locates a stationary point by bisection, but its classification still requires additional information. These
observations motivate methods designed explicitly to decrease the objective.

3 Multi-variable optimization

For f : R" — R, the gradient vector and Hessian matrix collect its first and second derivatives:

af/x) . .
Vix)=| : |,  Hx) =Vf(x)= ( (x)) : (3.1)
ﬁxi(')xj ij=1
df0xn ’
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Ficure 5: The gradient and Hessian generalize the concepts of the first and second derivatives, respectively,
to multi-variable functions. The gradient describes the local rate of change, and the Hessian describes the
curvature.

For twice continuously differentiable f, the Hessian is symmetric. As with single-variable functions that we
saw ezrlier, the Taylor expansion describes how the multi-variable function f behaves near a point x:

Fx+p) = 100+ T/ )P + 30 H@)p +o(llpIP). (2

The gradient determines the linear change. The quadratic form involving the Hessian determines curvature in
different directions, generalizing the scalar second derivative [1, Section 13.2, pp. 573-576]; see Figure 5 for
a schematic depiction. These local models underlie first- and second-order optimization methods; see [2,
Chapter 9] and [3].

As we are particularly interested in optimization, methods like gradient descent rely on starting at a
particular value in the domain and “traversing the surface” in order to figure out where the minimum is.
While a single-variable function has only one tangent at any given point, a multi-variable function generally
as infinitely-many tangent lines at a point, each one pointing in a different direction. When optimizing, we
would like to choose a direction that takes us towards the minimum. The gradient formalizes describes this
idea, and provides mathematical justification for the gradient descent that we cover later in this lecture.

Lemma 5 (Gradient and directions of steepest increase and decrease). Let f : R” — R be a differentiable
function. Its gradient at x € R, i.e., Vf(x), points in the direction of steepest ascent at x; the negative
gradient, —V f(x), points in the direction of steepest descent.

Proof. Setx € R". For a fixed unit vector u € R”, with ||u||, = 1, consider the function value

f(x +tu). (3.3)

Here, x is the starting point, u specifies a direction, and ¢ € R is a line parameter. As t varies, x + tu traces
the straight line through x in direction u; see Figure 6 for a depiction. The value ¢ = 0 corresponds to x.



7= f(x1,x2)

—— Curve on the surface

---- Tangentlineatz =0

> u=(1,0)7
= u=(9"
—>

4 3
u=(-3, g)T

x=(1.7,1.)7

Ficure 6: For any multi-variable function f : R* — R, at any given point x € R there are infinitely
many tangents, each one pointing in a different direction. In the setting of optimization, particularly in
the gradient descent algorithm, we pick the direction of steepest descent — that direction is given by the
gradient of the function at that point.

Positive values of ¢ locate points in direction u, while negative values locate points in the opposite direction.
Since u is a unit vector, the distance from x to x + tu is

G + 1u) —x|l2 = |ltu]l> = [¢]. (X))

The derivative with respect to ¢, evaluated at = 0, measures the initial rate of change of f in direction u. It
satisfies
d
—fx+tm)| =Vfx)u. (3.5)
dr =0
To see this, write x = (x1,...,x,)" and u = (uy,...,u,)". Both vectors are fixed while the line parameter ¢
varies. The coordinates of the point x + tu are x| + tuy,...,x, + tuy, SO

fx+tu) = f(x; +tug,...,xn +tuy). (3.6)

This is a composition: first,  determines a point in R” through the map ¢ +— x + ru; then f assigns a function
value to that point. The multi-variable chain rule accounts for the dependence of every input coordinate on
t. For each coordinate, we multiply the partial derivative of f with respect to that coordinate by the rate at
which the coordinate changes, and then sum these contributions. Here, the ith coordinate is x; + fu;, whose
derivative with respect to ¢ is u;, because x; and u; are constants. At ¢ = 0, the input point is x. Therefore, the



chain rule gives

d
&f(x + tu) . 6—)61

“af (3.7)

t=0

» = lZ: of (x) %(xi + tu;)

If Vf(x) = 0, the rate in (3.5) is zero for every unit direction.
Now, by the Cauchy—Schwarz inequality and the assumption ||u|, = 1,

V) Tu| < IV l2llellz = IV £ ()l (3.8)

Consequently,
“IVF@)ll2 < V) u < IVF(x)]l2. (3.9)

When V f(x) # 0, equality in the upper bound holds precisely when u points in the same direction as V f(x).
The unit-length requirement then gives u = Vf(x)/||Vf(x)||>. Equality in the lower bound holds precisely
when u points in the opposite direction, givingu = =V f(x)/||Vf(x)||2. These are therefore the unique unit
directions attaining the largest and smallest rates, respectively. When V f(x) = 0, its inner product with every
unit vector is zero, so all the directional rates vanish. m

3.1 Classifying stationary points

For single-variable functions, Theorem 2 gives us necessary conditions on a local minimum of a function in
terms of stationary points — points x, that satisfy f’(x.) = 0 — and points with either a positive or negative
second derivative. We can do the analogous thing for multi-variable functions.

A real symmetric matrix H is positive semidefinite if p"Hp > 0 for every p, and positive definite if
the inequality is strict for every nonzero p. Equivalently, all its eigenvalues are non-negative or positive,
respectively. Negative definiteness reverses the strict inequality; an indefinite matrix has both positive and
negative eigenvalues.

( 1
Theorem 6 (Multi-variable optimality tests). Suppose f is twice continuously differentiable near x. € R".

1. If x, is a local minimum, then V f(x,) = 0 and H(x.) positive semi-definite.
2. f Vf(x.) = 0and H(x.,) is positive definite, then x. is a strict local minimum.
3. If Vf(x.) = 0 and H(x.) is negative definite, then x. is a strict local maximum.

4. If Vf(x.) = 0 and H(x.) is indefinite, then x, is a saddle point: arbitrarily nearby points have
both larger and smaller objective values.

As with single-variable functions, a point x, € R” satisfying V f(x,) = 0 is called a stationary point.
(& J

Proofs of the necessary and sufficient minimum conditions appear in [4, Theorems 2.2-2.4, pp. 14-16].
The maximum condition follows by applying these results to — . The saddle condition follows from Taylor’s
expansion along eigenvectors with eigenvalues of opposite signs, as shown below.



For necessity, apply the one-variable tests to t +— f(x. + ¢p) for every direction p. For sufficiency,
positive definiteness gives a positive lower bound on curvature in every unit direction, so the quadratic term
in (3.2) dominates the remainder.

What makes a stationary point a saddle? For a differentiable objective, a saddle point is a stationary point
that is neither a local minimum nor a local maximum. More precisely, every neighborhood of x. contains
both a point with a smaller objective value and a point with a larger objective value. For every r > 0, there
are points x _ and x ; such that

e —xull <7, ey —xull < flxo) < fx) < fxy). (3.10)

The condition Vf(x.) = 0 means that all first-order directional slopes vanish. It does not mean that the
function is locally constant: second-order or higher-order changes can have different signs in different
directions.

The basic model is

floy) =2 =, Vf(x,y)=(2x), H=(2 O)- (3.11)
-2y 0 -2
At the origin the gradient vanishes. Along the x-axis, f(z,0) = > > 0 for t # 0, so the origin is a minimum
of that one-dimensional restriction. Along the y-axis, f(0,f) = -2 < 0, so it is a maximum of the other
restriction. Taking ¢ arbitrarily small proves that the origin is a saddle of the full two-variable function.
Figure 7 shows the upward and downward cross-sections through the same point. Along y = x and y = —x,
the value remains zero; a saddle need not increase or decrease along every direction.

. _2_ 2
A saddle surface: f(x,y) = x" —y Two slices through the origin

function value

2
E: 0 stationary point ‘ >t
Z 1
\ |
-2 ~L L
-1 ~L Y -1
0 ~L ] 0

—y=0: f(1,0)=12>0fort #0
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FiGure 7: A saddle of f(x,y) = x*> — y? at the origin. The x-axis cross-section bends upward, while the
y-axis cross-section bends downward. Both have zero slope at the origin, but their nearby values lie on
opposite sides of f(0,0) = 0.

10



Curvature can reveal directions that the coordinate axes miss. If the Hessian at a stationary point is
indefinite, choose unit eigenvectors v and v _ with eigenvalues A, > 0 and A_ < 0. Taylor’s expansion along
these two lines gives

Fx.+1ve) — f(xy) = %@2 +o(1?). (3.12)

For sufficiently small nonzero ¢, the quadratic term determines the sign. One eigendirection therefore supplies
larger values and the other supplies smaller values, proving the saddle conclusion in the theorem.

It is not enough to test only the original coordinate directions. For instance, g(x,y) = x> + 4xy + y* has
positive curvature along both axes: ¢(z,0) = ¢(0,1) = ¢>. Nevertheless, along the diagonal y = —x we have
q(t,—t) = —2¢>. The origin is a saddle, and the mixed derivative is essential to detecting it. This is why the
multivariable test uses the entire Hessian, rather than just its diagonal entries.

When the second-order test is inconclusive. Positive semidefiniteness allows zero eigenvalues and need
not provide a positive lower bound on curvature. Higher-order terms can then decide the behavior. At the
origin, x* + y* has a strict minimum, whereas x* — y* has a saddle; both have zero gradient and zero Hessian
there. Thus, an indefinite Hessian is sufficient for a saddle but is not necessary. A semidefinite Hessian with a
zero eigenvalue therefore requires further analysis of the objective.

( A
Example 7 (Curvature in rotated directions). Consider

_l 2 2 _[Sx+4y (5 4
f(x,y)—2(5x + 8xy + 5y°), Vf(x,y)—(4x+5y), H—(4 5). (3.13)

The eigenvectors (1, —1)" and (1, 1)" have eigenvalues 1 and 9. Introducing the orthonormal coordinates
u=(x-y)/V2andv = (x + y)/V2 gives f = %(u2 + 9v2). The origin is the unique global minimizer.
The contours are ellipses, with a shallower direction along y = —x and a steeper direction along y = x.
The curvature ratio is 9, a first indication that one step size must accommodate different rates of change
in different directions.

For a positive contour value c, the equation u? + 9v> = 2¢ has semiaxis lengths V2¢ and V2¢/3. The
contour therefore extends three times farther in the shallow direction. In Figure 8, the unit eigenvectors
e, = (1,-1)"/V2 and e, = (1,1)7/V?2 also define the cross-sections f(te,) = t*/2 and f(te,) = 91%/2.
Both bend upward, unlike the saddle cross-sections, but the same displacement costs nine times as much
in the steep direction.

11



fx,y)

Minimum at (0, 0)
f(0,0)=0

Elliptical level curves

Ty Curvature along unit directions
"u direction ol v direction functslon value
=1 1=9
N ’
S
4 4
3 4
X

2 4
1 4

\ . / .

=Il -0.5 0.5 1

* f (t eu) = tz

1
2
— flte,) = 37

en=(1L,-1)T/V2, e, =(1,1)T/V2

Ficure 8: The rotated quadratic in Example 7. Its elliptical contours align with the Hessian
eigenvectors. Cross-sections along the two unit eigenvectors show positive curvatures 1 and 9; the
ellipse semiaxis ratio is 3.

3.2 Convexity and global conclusions

There are three separate questions about minimization: does a global minimizer exist, is it unique, and
must a local minimizer be global? Convexity, strict convexity, and strong convexity give different answers.
Throughout this subsection, the domain is all of R, and f : R" — R is real-valued. This domain assumption
will be important for the existence result.
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Ficure 9: Visual depiction of the concept of convexity of a single-variable (left) and multi-variable
(right) function.

Convexity and strict convexity. A function f is convex if, forevery x,y e R" and 0 <7 < 1,

JL=0x +1y) < (1 =1)f(x) +1f(y). (3.14)

Geometrically, the graph lies on or below every chord joining two points on the graph. The function is strictly
convex if this inequality is strict whenever x # y and 0 < ¢ < 1. Thus, strict convexity excludes a straight
segment in the graph between distinct input points. See Figure 9 for a depiction of convex functions.

For a differentiable function, convexity is equivalent to the supporting-plane inequality

fO) =2 fx)+VFx)(y —x) forall x,y € R". (3.15)

This says that every tangent plane is a global lower bound for the function; in one variable, the tangent line
lies below the graph. A proof of this equivalence appears in [2, Section 3.1.3, pp. 69-70].

( N
Theorem 8 (Optimality under convexity and strict convexity). Let f : R” — R be convex.

1. Every local minimizer of f is a global minimizer.
2. If f is differentiable, then x. is a global minimizer if and only if V f(x.) = 0.
3. If f is strictly convex, then f has at most one global minimizer: if a minimizer exists, it is unique.

Neither convexity nor strict convexity alone guarantees that a global minimizer exists.
- J

For proofs of the local-to-global conclusion and the differentiable optimality condition, see [2, Sec-
tions 4.2.2-4.2.3, pp. 138-140]. In particular, setting x = x, in (3.15) shows directly why a zero gradient
gives a global minimum. For uniqueness under strict convexity, two distinct minimizers would have the same
minimum value, but the strict inequality in (3.14) would give a smaller value at their midpoint. This is a
contradiction; see also the uniqueness statement in [2, Section 4.2.1, p. 137].
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Strong convexity: a uniform quadratic lower bound. A differentiable function f is u-strongly convex, for
some fixed u > 0, if

f(y)Zf(x)+Vf(x)T(y—x)+g||y—x||% forallx,y € R". (3.16)

The same positive constant u must work at every point and for every displacement. Ordinary convexity places
the graph above its tangent planes; strong convexity places it above an upward-opening quadratic surface
based at each point. The extra quadratic term prevents the function from becoming arbitrarily flat. Strong
convexity implies strict convexity, and hence convexity; the converse implications do not hold.

( N\
Theorem 9 (Hessian criteria for convexity). Suppose f : R" — R is twice continuously differentiable,
with Hessian H(x).

1. The function is convex if and only if H(x) is positive semidefinite at every x.

2. If H(x) is positive definite at every x, then f is strictly convex. This condition is sufficient but not
necessary for strict convexity.

3. Forafixed u > 0, the function is u-strongly convex if and only if H(x) — u1 is positive semidefinite

at every x. Equivalently, every eigenvalue of every Hessian is at least u.
(& J

The first two criteria are stated in [2, Section 3.1.4, p. 71], where the Hessian characterization is left as a
proof exercise. We give the details here. The derivation of the strong-convexity quadratic bound also appears
in [2, Section 9.1.2, p. 459].

Proof. Suppose first that f is convex. The point x is the midpoint of x + ¢p and x — ¢ p, so convexity gives
f(x+1tp)—2f(x)+ f(x —tp) = 0. Twice continuous differentiability then gives

P HGp = ig LEHID) 20 I ip) -

This holds for every direction p, so H(x) is positive semidefinite.
Conversely, Taylor’s formula with integral remainder along the segment from x to y gives

fO) = fx) =V @) (y-x)

1 . (3.18)
- [ =00 -0 HE N -
If every Hessian is positive semidefinite, the integral is nonnegative. Thus, the supporting-plane inequality
holds and f is convex. If every Hessian is positive definite and x # y, the integral is strictly positive. The
strict form of the supporting-plane characterization then gives strict convexity; see [2, Section 3.1.3, p. 70].
For the third statement, apply the first statement to x +— f(x) — %||x||§. Its supporting-plane inequality is
exactly (3.16), and its Hessian is H(x) — u1. This proves both directions of the equivalence. m

Positive eigenvalues at each individual point need not have a common positive lower bound over the
whole domain; this is the distinction between the second and third statements of Theorem 9.
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Theorem 10 (Existence and uniqueness under strong convexity). Suppose f : R" — R is differentiable
and p-strongly convex for some p > 0. Then f attains a unique global minimum at a point x... Moreover,

FO = f@) = Ely-x.l}  foreveryy eR". (3.19)

Proof. Fix x = 01in (3.16) and use the Cauchy—Schwarz inequality to bound the linear term from below:

FO) = £O + £y + Syl

> £(0) = 19/ O)ll2llyll2 + Sy11.

As ||y]l2 — oo, the positive quadratic term dominates the linear term, so f(y) — +oo. This property is called
coercivity. Consequently, outside a sufficiently large closed ball centered at the origin, every value of f
exceeds f(0). Inside that ball, continuity and the extreme value theorem guarantee a minimum. Its value is at
most f(0), so it is also a global minimum.

Strong convexity gives strict convexity because x — f(x) — %llx ||§ is convex and %llx ||§ is strictly convex.
The sum is therefore strictly convex, and Theorem 8 gives uniqueness. Finally, V f(x.) = 0 at the minimizer.
Substituting x = x, in (3.16) proves (3.19). =

(3.20)

The quadratic-bound argument and its consequences for optimality are developed in [2, Section 9.1.2,
pp. 459-460]; the proof above includes the attainment argument explicitly. The assumption that the domain is
all of R” matters: f(x) = x? is 2-strongly convex on the open interval (0, 1), but its infimum is not attained
there because 0 is excluded.

( )

Example 11 (A convex function with many minimizers). Consider f(x,y) = x> on R?. Its Hessian is

2 0
H(x,y) = . 3.21
(x,y) (0 0) (3.21)
The Hessian is positive semidefinite everywhere, so f is convex. Since f(x,y) = 0 and f(0,y) = 0 for
every y, the entire line x = 0 consists of global minimizers. The function is not strictly convex, because
it is constant along that line, and it is not strongly convex, because the Hessian has a zero eigenvalue.

Convexity makes these local minima global, but does not make the minimizer unique.
. J

( A
Example 12 (Strict convexity without an attained minimum). Consider f(x) = e* on R. Since
f”(x) = e* > 0 everywhere, the function is strictly convex. Nevertheless, f(x) > O for every finite x,
while f(x) — 0 as x — —oco. Thus, its infimum is 0, but it has no minimizer. It is also not strongly
convex on R: the positive second derivative tends to zero as x — —oo, so no single positive constant u

bounds it from below everywhere. Strict convexity guarantees uniqueness only if a minimizer exists.
(. J

( )
Example 13 (Convexity need not guarantee a minimum). Consider the function

f(x) = V1 +x2—x, x €R. (3.22)

15



Its second derivative is .

(1 +x2)3/2
so f is strictly convex. Nevertheless, it has no global minimum. To see why, multiply the numerator and
denominator by V1 + x2 + x to obtain

f(x) = >0, (3.23)

f(x) = L 0. (3.24)

1+x2+x

As x — +00, the denominator grows without bound, so f(x) approaches zero. Thus, the function takes
values arbitrarily close to zero, but it never equals zero at any finite point. Every candidate for a minimum
can therefore be improved by taking x sufficiently large.

Now add a quadratic term:

g(x) = f(x) +x2=V1+x2—x+x% (3.25)
The second derivative satisfies
1
g’ (x) = 2>2 for every x € R. (3.26)

L+ "

Hence, g is 2-strongly convex on all of R and therefore attains a unique global minimum. We know
that this minimizer exists and is unique without first solving g’(x) = 0. Its location is approximately
x, = 0.3393. Figure 10 compares the two functions.

Strictly convex: no minimum Strongly convex: a unique minimum

g(x) = VI +x2 —x + x?

f(x)=V1+x2-x

y

Unique minimum

2
- Approaches 0, never reaches it ?
1 1
)
]
> X L > X
-1 0 1 2 —1 0 X« 1 2
F78) = s > 0 P —L 4252
(1 +x2)3/2 (1 +x2)32 =
Convexity alone does not guarantee existence. Strong convexity guarantees existence and uniqueness.

FiGure 10: The strictly convex function f(x) = V1 + x2 — x approaches zero without ever reaching
it, so it has no global minimum. Adding x? gives the strongly convex function g, whose unique
global minimum is attained at x. ~ 0.3393. Both functions are defined on all of R, and the two
panels use identical scales.
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The rotated quadratic in Example 7 is a multivariable strongly convex example: its constant Hessian has
eigenvalues 1 and 9, so it is 1-strongly convex. Later, lower and upper bounds on curvature will help explain
how quickly gradient descent converges.

Key Idea

Convexity guarantees that every local minimizer is global. Strict convexity guarantees at most one
minimizer. Strong convexity guarantees an attained, unique global minimum for a differentiable real-
valued function on all of R”, together with a quadratic lower bound on the increase away from that
minimum.

4 Gradient descent

The optimality conditions describe what a solution must look like, but they do not yet tell us how to find it. In
a nonlinear problem, solving V f(x) = 0 symbolically can be just as difficult as the original minimization.
We therefore construct a sequence of approximations. At each iteration we ask two separate questions: in
which direction should we move, and how far should we move? The gradient descent algorithm moves in the
direction of steepest descent at every point — which we now know is given by the gradient at that point.

( A
Definition 14 (Gradient descent). Given an initial point x( and positive step sizes ay, gradient descent
generates

Xk+1 :xk—a/ka(xk), k=0,1,2,.... (4.1)

For one variable, this becomes xi.; = xx — arf’(xx). For maximization, gradient ascent uses

Xi+1 = Xk + @V f(xg), equivalently gradient descent applied to —f.
L J

The gradient contains all the partial derivatives at the same current point. Thus a multivariable update
changes all coordinates simultaneously. In a program, compute the gradient before overwriting any component
of the current vector. Updating one component and then recomputing another partial derivative at the partially
updated vector defines a different iteration.

( )

Example 15. Let f(x,x2) = %(x% + 10x§) and start at xo = (10, 1)". The minimizer is the origin, while
Vf(xo) = (10,10)", —xo = (=10,-1)". (4.2)

The negative gradient and the displacement toward the minimizer are not parallel. With @ = 0.1, the
new point is (9, 0)" and the objective drops from 55 to 40.5. The method removes the second component
quickly, but has barely reduced the first. Different curvatures in the two directions explain this behavior.

17



fGri,x) = 3 +10x3) Vf(xo) = (10,10)7

xo=(10,1)T
f(xo) =55 X2

0.2V f(xo)

x1=(9,0)7
f(x1) =40.5 1

-

f(x1,x2)

To (0,0)
; . —0.1V f(x0)
X1
f =40.5
Minimum: (0,0) -2
X1 X1
7 8 9 10 11 12 1

x1 =x0—0.1Vf(xp) = (9,0)7, 55 — 40.5

(& J

For nonconvex functions, the initial point can determine which minimum is found, whether an iteration
approaches a saddle, or whether it remains at a stationary point. For f(x) = (x> — 1)?, starting at xo = 0
leaves every gradient-descent iterate at zero even though zero is a local maximum. Starting at several points
can reveal different outcomes, but a collection of successful local runs is not a proof of global optimality.

Algorithm: Basic gradient descent

1. Choose x(, a maximum iteration count, and a tolerance for the gradient norm.
2. Atiteration k, evaluate f(xy) and g, = Vf(xg).

3. If ||g«|l2 is below the tolerance, report approximate stationarity and stop.

4. Choose a positive step ag, for example by the backtracking rule in Section 4.1.
5

. Set xx+1 = Xx — gy and repeat. Report separately if the iteration budget is exhausted or no

acceptable step can be found.

What the stopping test actually certifies. The gradient norm measures first-order optimality. A small
value says that no unit direction has a large first-order slope; it does not distinguish a minimum from a
maximum or a saddle. When f is differentiable and u-strongly convex on R”, with minimizer x, the gradient
provides quantitative information:

IV £ ()13

Jx) = fxe) £ ——— [l — 2]l

L < IVfCOll2
2u

(4.3)

The first inequality follows by minimizing the strong-convexity lower quadratic model over its argument; the
second follows from strong monotonicity of the gradient and Cauchy—Schwarz. These are meaningful error
certificates when a valid positive y is known. Without such assumptions, an equally small gradient can have a
very different interpretation.
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fnx) = 2624102, xo=(10.1)T flxix) =307 +1053),  xo=(10,1)7

Large step: @ = 0.25 Smaller step: @ = 0.10 Large step: a = 0.25 Smaller step: @ = 0.10

Four steps shown; overshoots grow Twenty steps shown; gradual convergence
flxa) ~ 13315, f(xp) — oo f(x) ~ 0739,  xp —x.

Minimum: x, = (0,0)"

Ficure 11: Steps of gradient descent for the function of Example 15. If the step size is too large, then the
gradient descent algorithm can actually overshoot the minimum and increase the value of the objective
function.

4.1 Step size, convergence, and conditioning

Choosing the negative gradient settles the direction of motion, but it does not settle how far to move. The
gradient describes the slope at the current point; after a long move, the slope may have changed substantially.
A step can therefore point initially downhill and still end at a point with a larger function value. Conversely,
an unnecessarily small step may produce very little progress. Consider the function in Example 15. Starting
at the same point, two different step sizes can have drastically different behavior; see Figure 11.

To obtain a concrete understanding of how to pick the step size, let us examine a quadratic, where every
iterate can be calculated exactly, and then identify assumptions that give useful guarantees for more general
functions.

Consider f(x) = 9(x — b)?, where a > 0. The unique minimizer is b, and the constant second
derivative f”/(x) = a measures the curvature. With a fixed positive step size @, gradient descent becomes
Xg+1 = Xk — aa(xg — b). The quantity we want to reduce is the error x; — b, rather than the value of xy itself.

( N
Theorem 16 (Constant steps for a scalar quadratic). For f(x) = §(x - b)? with a > 0 and a constant
step size @ > 0, the gradient-descent errors satisfy

Xpe1 — b= —-aa)(xy —b),
+1 ( ) IE ) @4
xr—b=(1-aa)(xg—b), k>1.
The iterates converge to b from every initial point if and only if
2
O<a<-—. 4.5)
a

(& J

Proof. Subtract b from the update and collect the terms containing x — b:

Xkl — b =xp —b—aa(lxy —b) = (1 —aa)(xx — b). 4.6)

Each update therefore multiplies the previous error by the same number. Repeated substitution, or induction
on k, gives the second equality in (4.4). If |1 — a@a| < 1, its kth power tends to zero and hence x; — b for
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every xo. If |1 — aa| > 1, any nonzero initial error fails to tend to zero. Finally,

[1—aal <1

Dividing by a > 0 gives (4.5). =

—

-1<l-aa<l

— O<aa<?.

The error multiplier also explains the different paths that the iterates can take.

4.7

* If 0 < aa < 1, the error keeps its sign and decreases in magnitude: the iterates approach the minimizer

from one side.

* If @a = 1, the next error is zero, so the method reaches the minimizer in one step.

* If 1 < @a < 2, the error changes sign at every step but decreases in magnitude: the iterates overshoot
the minimizer in alternating directions and still converge.

* If @a = 2, a nonzero error changes sign without shrinking. The iterates alternate between two points

with the same objective value.

* If @a > 2, a nonzero error changes sign and grows in magnitude, so the iteration diverges.

If xg = b, the gradient is already zero and the point stays fixed for every step size. This exceptional initialization
is why the theorem specifies convergence from every initial point.

Since f(b) = 0, the objective error is f(xx) — f(b) = 5 (xx — b)?. Thus, changing the sign of the point
error does not change the objective value. Figure 12 compares the regimes for the same objective and initial
point. In that example, @ = 0.1 and @ = 0.9 have error multipliers 0.8 and —0.8, so their objective histories
coincide even though one path stays on one side of the minimizer and the other oscillates.

Iterates

Dashed line: x* =1

0 3 6
Iteration k

—o— « = (.1: monotone convergence

—=— « = (.5: one-step convergence

Sf(xx)

Objective values
40 A

f(xx) agrees for
a=0.landa =0.9

20 A

10 A

0 3 6 9 12
Iteration k

===: @ = 0.9: damped oscillation
—&— « = 1.05: instability

FiGurE 12: Constant-step gradient descent for f(x) = (x — 1)2, starting at xo = 3. Here a = 2, so the
stability range is 0 < @ < 1. Small steps converge slowly, @ = 0.5 reaches the minimizer in one step,
a = 0.9 gives decaying oscillations, and @ = 1.05 is unstable. Oscillation of the iterates does not by itself
mean that the objective is increasing.



Connection with fixed-point iteration. For a general one-variable function, gradient descent is the
fixed-point iteration associated with T'(x) = x — @ f’(x). A stationary point x, satisfies 7'(xx) = x4, and, if f
is twice continuously differentiable near that point,

T’ (xx) = 1 = af”(xy). (4.8)

This recovers the quadratic error multiplier as a local description of a nonlinear iteration. To justify the local
conclusion, suppose [T’ (xx)| < 1. By continuity of 7", there is an interval centered at x, and a number ¢
with 0 < ¢ < 1 such that |T”(x)| < ¢ throughout that interval. The mean value theorem gives, for every x in
the interval,

1T (x) = xa| = [T(x) = T(xx)| < qlx —xsl. (4.9)

The next point is closer to x,, so it remains in the same interval. Applying this bound repeatedly proves
Ixx = xx| < g¥|xo — x4| for sufficiently close initial points. This is a local guarantee; a distant starting point
need not enter that interval.

At a stationary point with f”(x,) < 0, a positive step instead gives 7’ (x,) > 1. Continuity supplies a
smaller interval and a constant » > 1 for which 7’ (x) > r throughout the interval. The mean value theorem
now gives |T(x) — x| = r|x — xx|. A nonzero error grows while the iterates remain nearby, so the stationary
point repels nearby iterates. An iterate placed exactly at the stationary point still remains there because its
gradient is zero.

Smoothness controls the error in a linear prediction. For the quadratic, the curvature a determines how
large a step is safe. A general function needs a bound on how quickly its gradient can change. We say that the
gradient is L-Lipschitz continuous if there is a constant L > 0 such that

IVf(x) - Vil2 < Lllx -yl forallx,y e R". (4.10)

A function with this property is called L-smooth. The condition limits the change in slope over a given
displacement. It does not require convexity: a function can have bounded positive and negative curvature and
still satisfy (4.10).

For a twice continuously differentiable function, a sufficient condition is ||H(x)||, < L everywhere, where
the matrix norm is defined by ||H||, = maxp,,=1||[Hp||2. To verify this, apply the fundamental theorem of
calculus to each component of the gradient along the segment from x to y:

1
Vﬂw—Vf@)=A H(x +1(y - x))(y — %) dr. @.11)

Taking norms, using the triangle inequality for the integral, and then using the matrix norm bound gives

1
IVF(y) = V()2 < /0 1H(x +1(y —x))l2lly - x|l2dr
(4.12)

1
SA Llly - xldt = Lily - x[l.

Thus, a bound on the Hessian provides a usable value of L. In the scalar quadratic example, we can take
L=a.
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( 1
Theorem 17 (Descent lemma and a gradient step). Suppose f : R" — R is differentiable and has an
L-Lipschitz gradient. Then, for every point x and displacement p,

L
Fee+p) < f(x)+Vf@)p+ Pl (4.13)
In particular, for every @ > 0,

La
| —
2

fx—aVfx)) < f(x) -a ( ) V£ ()13 (4.14)

Consequently, 0 < a < 2/L guarantees a strict decrease whenever V f(x) # 0.
. J

Proof. Fix x and p. As the scalar parameter ¢ runs from O to 1, the point x + ¢ p runs along the segment from
Xx tox + p. Apply the chain rule to the composition ¢ — f(x + ¢p). Each input coordinate x; + ¢p; changes
at rate p;, SO

d 0
G G =) G = V1) @15)
The fundamental theorem of calculus therefore gives
1
f(x+p)—f(x):/0 Vf(x +tp) padt. (4.16)

The linear prediction V f(x) p is constant with respect to ¢. Subtracting it from both sides gives

fx+p)—fx)-Vfx)p

1 . 4.17)
= -/0 (Vf(x+1p) - Vf(x)) pdr.
For each ¢ € [0, 1], the Cauchy—Schwarz inequality and then (4.10) imply
(Vf(x+1p) = Vfx)'p <|IVf(x +1p) = VF(x)|2]lpll2 @.18)
< Llltpll2llpll2 = Llipll3-
Integrating this upper bound yields /01 Lt||p ||§ dt = (L/2)||pl|3, which proves (4.13).
For a gradient step, substitute p = —a'V f(x). The linear and quadratic terms become
L La?
/@) P+ FIPIE = —al VI3 + SV 013
Lo (4.19)
= -a (1 - 7) 19713

This gives (4.14). If 0 < @ < 2/L, the coeflicient @(1 — La//2) is positive. A nonzero gradient then makes
the right-hand side strictly smaller than f(x). m

The bound separates a predicted benefit from a possible curvature penalty. The negative term —a||V f (x) ||§
comes from the slope at the starting point; the positive term (La?/2)||V f(x) ||§ accounts for how much that
slope can change during the move. The penalty grows quadratically with the step size, whereas the predicted
benefit grows linearly. This explains why making the step arbitrarily large is unsafe. For additional discussion
of the quadratic upper bound, see [5, pp. 1.12-1.13].
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What repeated decrease guarantees. A decreasing sequence of objective values does not automatically
establish convergence to a minimizer. We must distinguish the function values f(xy), the gradients V f(x),
and the points x. The following results show what additional assumptions allow us to conclude about each
of them. We use the fixed step @ = 1/L, for which (4.14) becomes the particularly useful estimate

Fleke) < F0) = 5EIVF OB, e = 01— V(). (420)

Thus a large gradient forces a substantial decrease. If the objective has a finite lower bound, such decreases
cannot continue indefinitely without the gradients becoming small.

( )
Theorem 18 (A stationarity guarantee). Suppose f has an L-Lipschitz gradient on R" and f(x) > fiow
for all x, where fio is finite. For gradient descent with step size 1/L and every integer N > 1,

N-1
DIVF@EOIE < 2L(F (x0) = fiow),
k=0 4.21)

2L(f(x0) - ﬁow)
N .

. 2
min ||V f(x <
Jmin [[V.£(x,)l3

Moreover, ||V f(x)|l2 — 0, and the objective values converge to a finite limit. Convexity is not required

for these conclusions.
\_ J

Proof. Rearranging (4.20) gives ||V f(xx) ||% <2L(f(xx) — f(xk+1)). Sum this inequality over the first N
iterations. The intermediate objective values cancel:

N-1 N-1
IVFGeol3 <2L ) (F(xi) = f(xas1)
k=0 k=0

(4.22)
=2L(f(x0) - f(xn))

< 2L(f(x0) - flow)-

The smallest of N nonnegative quantities is no greater than their average. Dividing this sum bound by N
proves the second inequality in (4.21).

The partial sums of the nonnegative series .|V f(xx) ||§ are bounded by a constant independent of
N. Therefore the series converges and its terms tend to zero. Explicitly, infinitely many terms larger than a
fixed positive number would make the partial sums unbounded. This proves ||V f(x)||2 — 0. Finally, the
objective values are nonincreasing by (4.20) and bounded below by fiow, S0 they converge to a finite limit. m

The second bound in (4.21) guarantees that at least one of the first N iterates has a small gradient. To
guarantee a gradient norm at most & > 0, it suffices to take N > 2L(f(x() — fiow)/&>. This is a bound on the
best gradient norm seen so far, not a claim that every gradient norm decreases at each iteration. A stationary
point can also be a maximum or a saddle. If a subsequence of the iterates has a finite limit, continuity of the
gradient makes that limit stationary, but these assumptions alone do not classify it as a minimum.
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Example 19 (Small gradients without a finite limiting point). The function f(x) = V1 + x2 — x from
the preceding subsection is bounded below by zero and satisfies 0 < f”’(x) < 1, so it has a 1-Lipschitz
derivative. Gradient descent with step size 1 gives

Xk
/ 2
1+xk

The inequality holds because x/ V1 + x2 < 1 for every finite x. If this increasing sequence were bounded
above, it would converge to some finite number ¢. Its successive differences would then tend to zero.
However, the update formula would give

Xeel =X+ 1 — > Xk (4.23)

A
1+ £2

>0, (4.24)

Xpyl — X — 1 =

a contradiction. Hence x;z — +o00, even though f’(xz) — 0 and f(xx) — 0. Small gradients and

convergent objective values do not, by themselves, guarantee convergence to a finite minimizer.
(& J

Convexity turns decrease into a bound on the objective error. For a convex function, the supporting-plane
inequality relates the gradient to the difference between the current objective value and the minimum value.
To use this information, we assume that a minimizer actually exists. This excludes the preceding example.
We measure the objective error by f(xx) — f(xx), where x is any global minimizer.

( )
Theorem 20 (Convergence of objective values for a convex function). Suppose f is convex, has an
L-Lipschitz gradient on R", and attains a global minimum at x,. Gradient descent with step size 1/L

satisfies
Lllxo — x4ll3
fxi) = f(xy) < —ar k>1. (4.25)

- J

Proof. Convexity gives f(x4) > f(x;) + Vf(x;)"(x+ —x;). Rearranging,
Jxj) = f(xe) SVF(x)(xj —x4). (4.26)
Subtract f(x,) from (4.20) and use this upper bound on the current objective error:

1
FGejen) = fx) < f(x)) = fn) = S IV (IS

< VFCe)) g —x0) — IV

The expression on the last line is a difference of squared distances. Indeed, expanding the gradient update
gives

4.27)

2 1 2
X o1 = xsllz = llx; =20 = £V (x )3

2 1 (4.28)
= Jlej —xull3 - TVS ()T (x) = x0) + EIIVf(xj)Ilﬁ-
Rearranging this equality and substituting it into the preceding bound yields
L
o) = fGx) < 5 () = xl = 0 = xal) (4.29)
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Now sum over j = 0,...,k — 1. The intermediate squared distances cancel, leaving

k-1
(FOeen) = Fn)) < 5 (100 = all3 = i~ x.4l)
j=0 (4.30)
L
< Zlivo - x4l

Because the objective values are nonincreasing, each of the k terms on the left is at least f(xr) — f(xx).
Consequently,

L
k(£ (i) = f(x0)) < Flxo = x4l 4.31)
Dividing by k proves (4.25). =

The bound is of order 1/k: doubling the iteration count halves the stated upper bound on the objective
error. This describes a guarantee, not an exact formula for every run; a particular objective may converge
faster. The proof uses both convexity and an attained minimum, whereas the stationarity theorem required
neither convexity nor attainment. Further discussion of this estimate appears in [5, pp. 1.24-1.26].

Strong convexity gives a geometric decrease guarantee. Strong convexity provides a stronger connection
between the gradient and the objective error. If the function value is still substantially above its minimum, the
gradient cannot already be arbitrarily small. Combining that fact with the decrease obtained at each step
produces a fixed fractional reduction of the remaining error.

( )
Theorem 21 (Convergence under strong convexity). Suppose f is u-strongly convex and has an L-
Lipschitz gradient on R", where y > 0. Then u < L, and f has a unique global minimizer x,. Gradient
descent with step size 1/L satisfies

Fe0 - ) < (1-B) (rwo) - fxa)). k2. (4.32)

The points x also converge to x .
- J

Proof. Existence and uniqueness follow from Theorem 10. To compare u and L, apply the strong-convexity
lower bound and the descent lemma to the same point and any nonzero displacement:

Llpl3 < /x4 p) = £ = V5 @) < Sl (433)

Dividing by ||p||§/2 gives u < L.
Next, apply strong convexity with comparison point x, and complete the square:

Flra) = f() + VF () (xa =) + Sl - x13

VA3 Vi)

—f()——ﬂ pY i (4.34)
\vj 2

o ) - I fz(:)nz'
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The last step drops a nonnegative squared norm. Rearranging proves the first gradient certificate in (4.3), in
the equivalent form

IVL@N3 = 2u(f (x) = £(x)). (4.35)

Insert this lower bound on the squared gradient norm into (4.20). Since the squared norm is subtracted,
replacing it by its lower bound gives

Fxpen) = Fea) < FG) = F ) = IV 7 G

(4.36)
<(1-£) (1) - fx0).
Repeated application gives (4.32). If u < L, the factor lies strictly between zero and one, so the objective
error tends to zero geometrically. If 4 = L, the one-step bound forces the objective error to be zero after the
first update, and uniqueness identifies that point as x .
Finally, strong convexity based at x,, where V f(x4) = 0, gives

e — x4 2 < %(f(xk) _ Fx)). 437)

The right-hand side tends to zero, so the points themselves converge to the unique minimizer. ™

A geometric error bound is called a linear convergence guarantee. Here “linear” refers to reducing the
remaining error by a fixed factor, not to a straight line on ordinary error-versus-iteration axes. A geometric
bound appears as a straight line on a semilogarithmic plot. The factor 1 — u/L also explains why curvature
matters: L limits the safe step, while u controls the minimum progress that the gradient can force. If L is
much larger than g, this factor is close to one and the guarantee can be slow. The next subsection makes these
competing effects explicit in the different eigendirections of a quadratic; see also [2, Sections 9.1-9.3].

4.2 Quadratic functions, eigenvalues, and slow directions

The scalar quadratic shows that a step size must be chosen in relation to curvature. In several variables, the
same function can have very different curvatures in different directions, while the gradient-descent update
uses only one step size. Quadratic functions let us examine this conflict exactly: their Hessians are constant,
and a suitable rotation of coordinates separates the iteration into independent scalar recurrences.

Let A be a symmetric positive definite (SPD) n X n matrix and let b € R". Consider

f(x) = %xTAx -b'x. (4.38)

The matrix A determines the curvature, while b determines the location of the minimum. Minimizing this
function is also a way of solving a linear system, as the following calculation shows.

Theorem 22 (The minimum of an SPD quadratic). The function in (4.38) has gradient Vf(x) = Ax — b
and Hessian A. It has a unique global minimizer x,, determined by Ax, = b. Moreover,

F) = Flra) = 50x = x)TAGE —x,). 439)
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Proof. Writing the quadratic term as % 2y Z;‘:l A;jx;xj, differentiation with respect to x, gives

8f 1 n 1 n n
S () = EZA[ij+§ZAigxi—b[ = > Acjxj—be. (4.40)
xe j=1 i=1 Jj=1

The last equality uses symmetry: A;; = A¢;. These partial derivatives form the vector Ax — b, and
differentiating once more gives the Hessian A.

Positive definiteness implies that A is invertible. Indeed, if Av = 0 for a nonzero vector v, then v' Ay = 0,
contradicting positive definiteness. Thus, Ax, = b has exactly one solution. Substitute x = X, + (X — X4)
into the objective and expand:

F0) = F02) = (Axa = B) (¥~ x4) + 5 (x — x2) Alx —x,)
1 4.41)
= 5(x — X)) A(x —xy).

This difference is positive whenever x # x,, again by positive definiteness. Hence, x, is the unique global
minimizer. ®

This equivalence connects unconstrained optimization to the numerical solution of SPD linear systems [1,
Section 13.2, p. 580]. We can now study how an error in the current approximation changes under gradient
descent.

Each eigenvector direction has its own scalar recurrence. With a constant step size @ > 0, the update is
Xi+1 =X — a(Axy, — b). Subtract x, and use b = Axy:

Xirl —Xu =X — Xy — @A(Xg —Xy)

(4.42)
= (1 - aA)(xk —xy4).

Thus, the error evolves by repeated multiplication by the same matrix. The purpose of introducing eigenvectors
is to find directions in which this matrix multiplication is simply multiplication by a number.

Because A is symmetric, it has orthonormal eigenvectors vy, . .., v, with positive eigenvalues 0 < 1] <
-+ < Ay. In particular, Av; = A;v;. Expand the initial error in this basis:

n

X0 — Xy = Z civi, ci =V (x0—Xy). (4.43)
i=1

Here, ¢; is the initial error component in direction v;. Since (1 — aA)v; = (1 — ad;)v;, applying (4.42)
repeatedly gives

n
xp—xe = ) (1= ad)fem;. (4.44)
i=1

This identity follows by induction: it holds at k = 0, and each additional update multiplies the ith coefficient
by 1 — @4;. Orthogonality removes all cross terms when taking the squared Euclidean norm, so

n
bei = xull3 = (1 = e el (4.45)
i=1
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( 1
Theorem 23 (The exact stability range for an SPD quadratic). For the function in (4.38), constant-step
gradient descent converges to x, from every initial point if and only if

2
lrglasxn [1—ad;] <1, equivalently O<a< m (4.46)

- J

Proof. 1f every factor satisfies |1 — @4;| < 1, then every term in the finite sum (4.45) tends to zero. Hence,
the entire error tends to zero for any initial coefficients c;.

Conversely, suppose |1 — a4 | > 1 for some j. Choose the initial point xo = X + v, so that the only
nonzero coefficient in (4.43) is ¢; = 1. Then the error norm is |1 — a4 j|k, which does not tend to zero.
Therefore convergence from every initial point requires all the factors to have magnitude less than one. Finally,
because each A; > 0,

2
[1-ad<]l = -l<l-ali<]l O<a</l—. 4.47)
i
All these inequalities hold simultaneously precisely when the inequality corresponding to the largest eigenvalue
holds, proving (4.46). =

The eigenvalues describe curvature along the eigenvectors in a literal one-variable sense. Because each v;
has unit length, (4.39) gives

Fxye+1vi) — f(xy) = %ﬁ. (4.48)

Thus, the largest eigenvalue is the largest curvature and restricts the step size. The smallest eigenvalue is the
smallest curvature; when the permitted step is small, its error multiplier 1 — adnin(A) can be close to one.
Thus, the step needed to avoid overshooting in a steep direction may make very little progress in a shallow
direction. An initial error that has no component in a particular eigendirection never acquires one, so an
individual starting point may behave better than the worst-case bound.

Choosing the best constant step. For a fixed «, define the worst-case error factor

g(a) = max |1 —ad;|. (4.49)
1<i<n

The word “worst-case” refers to the initial error direction. Equation (4.45) gives [|Xx+1 — Xx|l2 < g(@)||xx —
X«|l2, and equality is attained by an error along an eigenvector whose multiplier has magnitude g(«).
Therefore minimizing g () is exactly the problem of choosing a constant step with the best uniform guarantee
over all error directions.

( A
Theorem 24 (Best constant step and the condition number). For a symmetric positive definite matrix A,
let k3(A) = Amax(A)/Amin (A). The positive constant step minimizing (4.49) is

2 K2 (A) - 1

O A T AmmA) T =TT

(4.50)
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With this step, the distance to the minimizer and the objective gap satisfy

lxrs1 — Xxll2 < gxllxr — xxll2,

4.51
fxre1) = f(xye) < ‘Ii(f(xk) - f(x*)) ( )

Proof. For fixed a, the function 4 +— |1 — ad| is convex, so its value anywhere in the interval
[Amin(A), Amax (A)] is at most the larger endpoint value. Both endpoints are eigenvalues. Consequently,

q(@) = max{|1 = @dmin(A), |1 = @dmax (A)]}. (4.52)
To identify which endpoint controls the maximum, compare their squares:

(1 - a/lmin(A))Q - (1 - a'/lrnax(A))2

4.53
= a’(/lmax(A) - Amin(A)) (2 — a(Apax(A) + /lmin(A))) . ( )

Suppose first that Apyin(A) < Amax (A). For 0 < @ < ay, the last expression is nonnegative, so the smallest-
eigenvalue endpoint controls the maximum. Also @uAmin(A) < 1, and therefore g(@) = 1 — @dmin(A) on this
interval; this expression decreases as « increases. For @ > a,, the largest-eigenvalue endpoint controls the
maximum. Since &xAdmax (A) > 1, we have g(@) = @dmax(A) — 1 on this interval; this expression increases as
a increases. The minimum occurs where the two endpoint magnitudes agree, at @ = a,. Substitution gives

Amax (A) = Amin(A) _ Kk2(A) -1
Amax(A) + Amin(A) - Kk2(A) + 1

q(ay) = (4.54)
If the smallest and largest eigenvalues are equal, all eigenvalues equal some A > 0. Then g(«@) = |1 — a4 is
minimized at @ = 1/4, with value zero. Formula (4.50) gives exactly this step and factor.

The Euclidean error bound follows from (4.45), or directly from the definition of ¢g. For the objective gap,
use (4.39) and expand in the same orthonormal eigenbasis:

Flr) = ) = 5 3 A1 - adpel,
i=1

f(xra1) = fxe) = %Z/li(l —ad;)* el wss
i=1 .

1 n
<q(@) 5 ) Ll —ad)*}
i=1

= q(a)*(f(xi) = f(x2)).
Set @ = ay to obtain the second inequality in (4.51). =

The condition number measures how difficult it is for one step size to serve all directions. When x2(A) = 1,
all curvatures are equal and the best step reaches the minimizer in one update. When «,(A) is large, the
factor g = 1 —2/(k2(A) + 1) is close to one: even the best constant step can remove only a small fraction of
the worst-case error in each iteration. This statement concerns a uniform guarantee, not the best step for a
particular current point. The squared factor for objective values arises because the objective gap is quadratic
in the error.
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For the earlier objective f(x,x2) = %(x% + le%), the Hessian eigenvalues are 1 and 10. With @ = 0.1,
the error in the second coordinate disappears in one step, while the error in the first coordinate is multiplied
by 0.9 at every step. The best constant step is 2/11; its two error multipliers are 9/11 and —9/11. It accepts
an alternating error in the steep direction in exchange for a better uniform contraction factor. This explains
why oscillation can accompany faster convergence rather than signal failure. The role of curvature bounds
and conditioning in gradient descent is developed further in [2, Sections 9.1-9.3].

4.3 Exact line search and backtracking

A fixed step size must be chosen before seeing how much the function changes along the current search
direction. The preceding quadratic analysis shows the difficulty: a step that is suitable in a direction of small
curvature may be too large in a direction of large curvature. A line search chooses the step using function
values along the direction that has already been selected. At iteration k, we hold the point x4 and the vector
-V f(xr) fixed while varying only the scalar @. Thus, a multivariable problem produces a one-variable
problem at each iteration.

Exact line search: choose the best point on the current ray. Define the one-variable function

hi(a) = f(xx — aVf(xx)), a >0,

ay € argmin hg(a@).
a>0

(4.56)

The second line defines exact line search: among the points on the ray starting at x; in direction —V f (xg),
choose one with the lowest objective value. It does not search over every direction. If the gradient is zero,
the ray consists of a single point and there is no step to choose. If the gradient is nonzero, sufficiently small
positive steps decrease the objective, but an exact minimizing step need not exist. For example, for f(x) = —x
at xo = 0, the negative gradient is 1 and hg(@) = —a decreases indefinitely. Even when a minimum along
the ray exists, solving this additional optimization problem can be costly. One-dimensional techniques from
Section 2 can be used after a suitable interval has been bracketed. This reduction to one variable is discussed
in [1, Section 13.2, p. 577].

( N
Theorem 25 (Exact line search for a positive definite quadratic). For the quadratic function in (4.38),
suppose V f(x) # 0. The exact line-search step is positive and unique, and is given by

3 IV £ (xi)lI3
C V (xk)TAVf(xk)

. J

- (4.57)

Proof. Substitute xp —a'V f(xy) into f(x) = %xTAx —b"x. The two cross terms from the quadratic expression
combine because A is symmetric. Grouping the terms by their powers of @ gives

hi(@) = £ (x1) = aVf (1) (Axc ~ b)
2
+ SV AVF (o) (4.58)

2
= fx) = allVf (0l + 5V (k) AV F (x0),
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where the last equality uses Axy —b = V f(xy). The gradient at x, is fixed during the search, so differentiating
with respect to a gives
(@) = =IIVf (Xl + @V f (x) AV f (%),
h (@) = Vf(xi) AVf(xk) > 0.

The strict inequality follows from positive definiteness of A and the nonzero-gradient assumption. Thus,
hy is a strictly convex quadratic in «. Its unique minimizer solves &) (@) = 0, which gives (4.57). Both its
numerator and denominator are positive, so this minimizer lies in the allowed range @ > 0. =

(4.59)

The step formula adapts to the curvature in the current gradient direction. Its reciprocal is the quotient
Vi (x)"AVf(xi)/IIVf(xk) ||§. In an eigenbasis of A, this quotient is a weighted average of the eigenvalues,
with weights given by the squared components of the gradient divided by its squared norm. A gradient
concentrated in a direction of large curvature therefore produces a smaller step, whereas a gradient concentrated
in a direction of small curvature permits a larger one.

Why exact line search produces perpendicular successive directions. This fact follows from the one-
variable optimality condition and does not require a quadratic objective. Suppose f is differentiable and
the exact line minimum occurs at an interior point ax > 0. To differentiate Ay, first map a to the point
xi — aV f(xg), then apply f to that point. The derivative of this first map is the fixed vector -V f(x). The
chain rule therefore gives

h(@) = =V f (¥ — aVf(x0)) VS (xp). (4.60)

At the minimizing step, the one-variable necessary condition is h;{ (ak) =0. Since xr4+1 = xx —arVf(xg),
we obtain
Vf(xk+1)'Vf(xx) = 0. 4.61)

When both gradients are nonzero, the successive search directions are consequently perpendicular. This
does not mean that the method reaches the solution in two steps. After a step across a narrow valley, the
next gradient can point back across the valley, producing many turns while making only modest progress
along it. Exact line search selects the best step along the current direction; the geometry of the objective still
determines that direction.

Figure 13 illustrates this behavior for f(x1,x3) = %(x% + IOxg) and xo = (10, 1)". Here A = diag(1, 10)
and V f(xo) = (10, 10)7, so the first exact step is ag = 200/1100 = 2/11. In fact, the iterates have the explicit
form

k
xk ( 106/11) ) e

(=D*(9/1D)*

To check this for every iteration, it holds at k = 0. If it holds at iteration k, the two components of the gradient
have equal magnitude 10(9/11)%, and (4.57) again gives a; = 2/11. The next update multiplies the first
coordinate by 1 —2/11 = 9/11 and the second by 1 —20/11 = —-9/11, proving the formula at k£ + 1. Thus, the
second coordinate changes sign at every step while the first remains positive, explaining the zigzag. For this
particular initial point, exact line search coincides with the best constant step in (4.50). Other initial points
need not preserve the equal gradient-component magnitudes, so the coincidence is not a general identity
between the two methods.
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Exact line search on f(x1,x;) = %(x% + leg)

2420 s
xo-= (10, 1)
14 X12
2
S0 A T
~11 = (0,0) 3
-2 A0
-2 0 2 4 6 8 10

X1

—#— Fixeda =0.1
= Best fixed @ = 2/11
Exact line search

Exact line search and the best fixed step coincide here.

0 2 4 6 8 10 12
Iteration k

Ficure 13: Gradient descent on f(x,x3) = %(xf + 10x§), starting at (10, 1)". The contour plot shows
the first twelve exact-line-search steps. The convergence plot compares exact line search with two constant
steps from the same initial point. The long valley forces repeated corrections across it; a locally optimal
step length does not remove the effect of unequal curvature.

Backtracking: require sufficient progress instead of an exact minimum. Exact line search can spend
substantial work finding the best point on a ray that will change at the next iteration. Backtracking asks a
simpler question: does the proposed step reduce the objective by a reasonable amount? The linear model at
x predicts

flek—aVfxn) = fx) = all V. (4.63)

Thus, a||V f(xk) ||% is the predicted decrease. The approximation becomes more reliable for small steps, but
curvature can make it inaccurate for large steps. Choose a number ¢ € (0, 1) and require the actual decrease
to be at least the fraction c¢ of this prediction. This gives the Armijo condition

e —aVixr) < flxe) = call V3. (4.64)
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For a nonzero gradient and a positive step, the right-hand side is strictly smaller than f(x;). The condition
therefore requires a definite improvement rather than merely accepting a step that does not increase the
objective.

Choose an initial trial step @ > 0 and a reduction factor 8 € (0, 1). Test @ = @. If (4.64) fails, replace
a by Ba and test again, keeping x; and V f(x) fixed throughout the search. The possible trial values are
@, Ba, f2a, . . .. The first accepted value becomes o in the gradient-descent update. A smaller c asks for a
smaller fraction of the predicted decrease, whereas a smaller 8 reduces rejected trial steps more aggressively.
A common choice is 8 = 1/2 with a small positive ¢, such as 107*. This construction also appears in [3].

Theorem 26 (Finite termination of backtracking). Suppose f has an L-Lipschitz gradient on R"” and
Vf(xx) # 0. Forc, B € (0,1) and @ > 0, backtracking accepts a positive step after finitely many trials in
exact arithmetic. The accepted step strictly decreases f.

Proof. The descent bound (4.14) gives

L
| _La
2

[k —aVf(xp) < flxp) -a ( ) V£ (x5 (4.65)

To obtain the Armijo condition, it is enough that the factor 1 — La/2 multiplying the predicted decrease is at
least c. Solving this inequality for o gives

l—L—a>c 2(1 -c¢)

< ) 4.
o 2 = as—7 (4.66)

The number on the right is positive because ¢ < 1. Since 0 < 3 < 1, the geometric sequence /& tends to
zero as the number j of reductions increases. Therefore, some finite trial satisfies this sufficient bound and
must be accepted; an earlier trial may already have passed. Every trial is positive. Once the Armijo condition
holds, its decrease term ca||V f(xx) ||§ is strictly positive, which proves strict decrease. ®

The argument does not assume convexity. It also does not require the algorithm to know L: this constant
is used to prove that sufficiently small trials succeed, whereas the algorithm tests the actual function values.
For an objective with a restricted domain, a trial point must lie in that domain before its objective can be
evaluated. In floating-point arithmetic, an implementation needs a trial limit and a separate failure report,
because rounding or numerical evaluation errors can interfere with a strict decrease test.

( N\
Example 27 (Backtracking rejects a step that makes no progress). For f(x) = (x — 1)? at x = 3, we have
f(3) =4and f’(3) =4. Choose @ = 1, 8 = 1/2, and ¢ = 10~*. The first trial point is

3-1-f3)=-1,  f(-1) =4. (4.67)
The Armijo condition would require
4< f(3)=107*-1-]f(3)]> =4 -0.0016 = 3.9984, (4.68)

which is false. This step crosses the minimizer and returns to the same objective value on the opposite
side. Repeatedly taking this step would alternate between 3 and —1, making no progress. Backtracking
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therefore rejects it and tries @ = 1/2. The new trial point is 3 — (1/2) - 4 = 1, and the test becomes
1
f(1)=0<4- 10‘4-5-16=3.9992. (4.69)
The smaller step is accepted and reaches the minimizer. This calculation shows why the acceptance

rule asks for an actual amount of decrease, rather than only checking whether the objective has failed to
increase.
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