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LECTURE 5 RECAP

Linear systems and exact solutions

A linear system asks for a vector x satisfying Ax = b.

Gaussian elimination The inverse

Row operations reduce the augmented matrix For square, invertible A, each response
to a triangular system. vector gives a unique solution.

Back substitution recovers the unknowns. x=A"1p

Pivots reveal consistency and free variables. _ _
A singular or rectangular matrix has no

two-sided inverse.



LECTURE 5 RECAP

The pseudoinverse and least squares

For rank(A) = r > 0, the compact SVD gives
— T + _ —1y7T
A=UX VI, At=vI U
The pseudoinverse selects a least-squares solution of minimum coefficient norm.
x,=A"b, b =AA"b

Today we prove this result in detail and use it to fit lines and curves.



LINEAR MODELS

Fitting a line to data

We have data of the form (#,, b,), (,, b), -+, (¢,,, b,,). To fit this data to a line, we formulate a
matrix equation as follows.

Rows are observations. Columns are adjustable coefficients. Inputs are known; intercept and slope are
unknown.

fH) =a+pt, iR a+
(1 tl\ (bl\
A = 1 {2 , x=<a>, h = 19.2

y D)

The matrix A is the design matrix.



LINEAR MODELS

“Linear” describes the coefficients

Choose the feature functions first. They may be non-linear in the input.

Model
Line
Quadratic

Wave

d
fO = D xdi0, Ay = B0
Jj=0
Fitted function Design row
X+ Xt (1,1)
X + X;t + x,t* (1,1, 1%
Xo+ x;sint+ x,cost (1,sinz,cost)

The coefficients X; are to be optimized



LINEAR MODELS

What exactly are we minimizing?

Residual = observed response minus predicted response. Least squares chooses coefficients to
minimize the sum of squared residuals/errors (SSE).

3=AL r=>b-Ax

m
Linear regression problem: minimize SSE(x) = Z rl.z = ||b — Axll% over vectors x
i=1

SSE SSE
MSE = —, RMSE =4/ ——
m m

(Mean
squared (Root mean squared error)
error)



THEOREM - PSEUDOINVERSE REGRESSION

Theorem: the pseudoinverse solves linear/least-squares regression

For A € R™? least-squares solutions always exist. The pseudoinverse selects the unique one with
smallest coefficient norm.

x,=A"b, x=A"b+z, z€&Null(A)

r.=, —H»b, H=AA"

When Null(A) = {0}, the pseudoinverse gives a unique coefficient vector.



THEOREM - PSEUDOINVERSE REGRESSION

Proof: recall the SVD

A=U0xVI ~— At=vzlUul

> = diag(oy, ...,0,), ;> 0)

UI:I_UI" — ]l”’ VI:I_VI’ = [I"

A:mxp U :mxr X.Xlirxr V.ipxr



THEOREM - PSEUDOINVERSE REGRESSION

Proof: the unknown coefficients and objective

Fix A € R™? and b € R™. The unknown is x € R”,

2
m P
min F(x), F)=[b-Ax[3=) | b— ) Aux
xeR? i=1 k=1
oF - 4
_=22A1k ZAl-fxf—bi ) k=1,...,p
0% i=1 £=1

VF(x)=2ATAx-b)=0 — ATAx=A"b

Zero gradient is necessary for a minimum. We will prove global optimality after solving these equations.



THEOREM - PSEUDOINVERSE REGRESSION

Proof: solving the normal equations

For r > 0, the compact SVD turns the normal equations into equations for the row-space coordinates.
2T+ — T
VIWVIix=VEZU'b
T T - T
— XV'x=XU'b (multiply by V)
— Vix=X"U"b (multiply by £-2)

A vector with exactly those coordinates is:
x,=VIUb=A"b
* r—r r

Vix,=(V'V)z U =2-'UTH



THEOREM - PSEUDOINVERSE REGRESSION

Proof: the candidate gives a global minimum

Compare the candidate with any other coefficient vector.
r.=b—-Ax,, A'r,=0, heR’

F(x,+h) = |Ir, — Ah||;
= Ir.ll3 = 2h"A'r, + ||AR|;
= F(x,) + ||AR|3
> F(x,)

The cross term vanishes. Every competitor has at least the candidate’s residual error. This proves global
optimality!



THEOREM - PSEUDOINVERSE REGRESSION

Proof: all least-squares minimizers

The expansion tells us exactly when a different coefficient vector is equally good.
Fx,+h)=Fx,) < Ah=0
x=A%h+z, z & NullA)

Ax,+z)=Ax, + Az =Ax,

Every minimizer gives the same fitted data, residual, and minimum error. Coefficients are unique
precisely when the null space contains only the zero vector.



THEOREM - PSEUDOINVERSE REGRESSION

Proof: minimum norm among the minimizers

Least squares is already solved. Now minimize coefficient size only among its minimizers.

Az=0 = ZTViz=0 = Viz=0
x]z=C'UD) VIz=0
Ix, + 2115 = llx.l13 + llzll5 > [lx.113

Equality requires a zero null-space component. The pseudoinverse gives the unique minimum-norm
choice among the least-squares minimizers.



THE NORMAL EQUATIONS

Consequence: the normal equations

A coefficient vector minimizes the squared residual exactly when it satisfies the normal equations.
ATb-Ax)=0 <= ATAx,=A"b
rank(A)=p = x,=(ATA)'ATb

Fitted data are always unique. Coefficients are unique exactly when the columns are independent. (Full
column rank; equivalent to Null(A) = {0}.



UNIQUENESS

Four different uniqueness questions

Training fitted values: always unique.
Coefficients: unique exactly when the columns are independent.

New-input prediction: depends on the input when columns are dependent.

Minimum-norm choice: always unique in fixed coordinates.

b =AA"h, x=A'b+z, zeNull4)



EXAMPLE 1 - FITTING A LINE

Example: check the fitted values and residuals

Residuals are signed vertical distances. A prediction is evaluation of the fitted function.

(/6] (—1/6) .
b=|s53] r=| 13 [t
\13/6, \—1/6 2 ) !
%15
1 1 1 1 1
SSE=—+—+—=— L 1
36 9 36 6 ,



EXAMPLE 1 - FITTING A LINE

Example: fit the three Lecture 5 measurements

Build the design matrix, then solve the two normal equations.

1 0 1
(ti9 bz) — (071)9 (1,2), (2a2)9 A= (1 1>, b = <2>
1 2 2
3 3\ /2 _ (5
(3 5) (ﬁ) - <6)

B=1, f=- =L+
=1, = —, a=—, - — —
2 6 2



EXAMPLE 1 - FITTING A LINE

Example: fitted values and a new prediction

— fitted line 7/6 + t/2 e observed training responses
O  Hb: training fits ¢  new-input prediction

\
2571 (3/2,23/12)
2 20 .
a |
@) |
2 l
3 15| |
1| e |
\ \ |
0 1 3/2

Evaluate the fitted line at a new input; no new response is needed.



LINE FITTING

Analytic solution for fitting a line

Assume at least two distinct inputs. Center the inputs and responses. The fitted line passes through
their mean point.

2 ;=) (b, - b) ;
2 (6= 1) ,



EXAMPLE 2

Example 2

Use the centered-data formula to compute slope and intercept.

t=0123)7, b=(01224)T

’ ; fit on obszarved input rar£ge -4
6 extrapolation LT ]

A 9 9 1 5 51 obser.va.tions /,_,—"' f(6)=63 |

w d - [
fy=—+—t  r=—(12,-74HT F.l
10 10 10 g3 Fi
Al | : £(5/2) = 63/20
f(t)=0.9+0.9
1 +4+49+16 7 1 i W ————
SSE = _ T
100 10 ’

f(§>-—§i—315 f(6)=6.3
2] 20 T o



POLYNOMIAL REGRESSION

Polynomial regression

A curved model can remain linear in its unknown coefficients.

fd(t) — .XO +.xlt + .-+ xdtd

( )
1 4

2

1t 8B

2

Lt 1

X

A*h



POLYNOMIAL REGRESSION

Theorem 3: unique polynomial coefficients

The number of distinct inputs determines whether the coefficients are unique.

rank(Ay)) =d+1 <= atleastd + 1 distinct inputs

model distinct inputs needed
line 2
quadratic 3

quartic 5



POLYNOMIAL REGRESSION

Example: polynomial regression

I -2 —1 0 1
b, 3.1 0.6 1.6 2.6
8 ; :
—_ line: 3 +¢
—— quadratic: 1+ + 12
61 o observations
3
5
2 4
o
2 |




POLYNOMIAL REGRESSION

The quadratic design matrix

The quadratic adds a column for the squared input.

(1 -2 4) (3.1
1 -1 1 0.6
A,=l1 0 o], b=]16
1 1 1 2.6
1l 2 4 \7.1)

(5 0 10) 15
AJA, =0 10 0of  A'b=110

(10 0 34/ 44




POLYNOMIAL REGRESSION

Solving for the quadratic

8
_— line: 3 +1¢
—— quadratic: 1+ ¢ + #?
6 ° observations
3
5
540
o
2 -
O | | | | |
-2 -1 0 1 2
t

L =1+1+1



POLYNOMIAL REGRESSION

Example 6: reading the residuals

—m— line residuals —e— quadratic residuals

residual

-
l
|

Underfitting: the model is too restricted to describe the relevant relationship.

Overfitting: the fit follows training variation that predicts new responses poorly.



CHOOSING THE DEGREE

Making predictions on unseen data

Fit on the training set 7. Compare every candidate on the same reserved validation set V.

1 R 2
MSE,,ix(d) = T Z [bi -/ d,T(ti)]

€T

MSE.,, (d) = I_‘lfl 2 [b,- — fd,T(ri)] :

1%

Both scores average squared prediction errors. The fitted coefficients stay fixed during validation.



CHOOSING THE DEGREE

Example: two separate prediction problems

training ¢ -2 —1
b 3.1 0.6
validation ¢ —1.5 —0.5

b 1.80 0.70

1.6

0.5
1.70

2.6

7.1

1.5
4.80



CHOOSING THE DEGREE

The quadratic predicts best here

response

training MSE

2.940
0.140
0

validation MSE

1.665000
0.002500
0.446545

quadratic

- interpolating quartic
training observations
¢ validation observations




SUPERVISED LEARNING

Least squares as supervised learning

Supervised observations pair inputs with numerical target responses.

¢(t) — (¢O(t)’ L) ¢p—l(t))-r9 ]gc(t) — ¢(t)Tx

£(b,b) = (b—D)>
R =~ (b, i) = —IIb - Ax
- . 1°Jx\% - 2

Features must be available when making the intended prediction.



SUPERVISED LEARNING

Learned neural features

A neural network can learn its features as well as their final combination.

q
fo(H) = c + Z aio(wit+v))

J=1

_ T
O =(c,ap,....0, Wi, ..., WV, o0 V,)

o(s) = tanh(s) or o(s) = max(0,s)

Changing w; or v; changes the feature function o(wjt + vj).

So now the optimization problem becomes non-linear! We generally optimize using gradient descent.



SUPERVISED LEARNING

A frozen hidden layer gives a least-squares problem

Fix the hidden weights w; and biases v;. Fit only the linear output layer.

D, (1,0(w1ti +v)), ..., 0(wt; + vq))

ﬂ — (C, Cll, ...,aq)T

min [|b - D2, B, = Db
p

If the hidden weights also change, the design matrix changes during training.



