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Learning Objectives

» Understand and explain the definition of the inverse of a matrix.
* Explain why a matrix may not be invertible, and how such linear systems could be solved anyway.
* Understand and explain the definition of a pseudoinverse of a matrix.

* Understand how to numerically take the inverse of a matrix using Python packages.
|\ J

Recap from Lecture 4, Part 1 of Linear Systems

* Linear systems of equations are ubiquitous in science and engineering.

* Gaussian elimination is a formal, systematic method for implementing the idea: “solve for one of the
variables, substitute into the remaining equations, and repeat”. We perform clever row operations
(“forward elimination”) to arrive at a triangular system that can solved in exactly this way (“backward
substitution’).
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1 Solving a system using the inverse

Gaussian elimination is an algorithm: it tells us how to transform a system and calculate its solution. The
inverse provides a complementary description of the answer. It also prepares us to ask a more general question:
what should “solving” mean when a matrix is rectangular or singular?

1.1 Inverse of a matrix

( )
Definition 1 (Inverse of a square matrix). Let A € R, An inverse of A is a matrix A~! € R™"
satisfying

A'A=4A""=1,. (1.1)

If such a matrix exists, A is called invertible or nonsingular. Otherwise, A is singular.
\ J

Multiplication by A transforms an input vector into an output vector. Multiplication by A~! reverses this
transformation. This is a matrix operation: A~! is generally not obtained by replacing every entry of A by its
reciprocal.
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For a general 2 X 2 matrix, the familiar formula is

-1
a b 1 d -b
= -b . 1.2
(c d) ad—bc(—c a)’ ad =be #0 (1.2)

It follows by multiplying the two displayed matrices: their product before dividing by ad — bc is (ad — bc)1,.
When ad — bc = 0, the columns are linearly dependent and no inverse exists. This small formula is useful for
hand calculations. It does not suggest using determinant and cofactor formulas as general algorithms for large
matrices.

Proposition 2 (Uniqueness of an inverse). Let A € R™". If B,C € R™" both satisfy the two inverse
identities for A, then B = C.

Proof. The equality AC = 1, lets us insert AC to the right of B. The equality BA = 1,, then lets us simplify:
B =B1, =B(AC) =(BA)C=1,C=C. (1.3)

The middle step uses associativity of matrix multiplication, not commutativity. Thus the notation A~! refers
to one determined matrix whenever an inverse exists. H

Theorem 1 (Solution of an invertible system). If A € R™*" is invertible, then for every b € R" the
system Ax = b has exactly one solution, namely

x=A"b. (1.4)

Proof. Existence. The dimensions are compatible: A~'b is in R”, the space of unknown vectors. Substitute
this candidate into the system and use associativity:

A(A7'D) = (AA™Hb =1,b = b. (1.5)

Therefore at least one solution exists for the given b.
Uniqueness. Suppose y is any solution. Multiplication on the left by A~! preserves the equality Ay = b
and gives
A7 (Ay) = A7 'b, (A'A)y=A""p, y=A""b. (1.6)

Every solution must equal the candidate already verified, so there is exactly one. This proof applies to every
right-hand side; there is no assumption on the entries of . m

The theorem combines two statements that must be distinguished for more general systems: a solution
exists, and it is unique. For a square matrix, invertibility, rank n, a trivial null space, and the existence of a
pivot in every column are equivalent conditions. These equivalences and the relevant subspaces are reviewed
in the appendix. They also explain an elimination test for invertibility: reducing an invertible square matrix to
reduced row-echelon form produces the identity matrix.



Recap: The rank of a matrix

Let A € R™*" withrows ry,...,r, € R" and columns ¢y, ...,c, € R™.
¢ The row rank of A is the dimension of its row space, span{ry, ..., r,}.
¢ The column rank of A is the dimension of its column space, span{ci,...,¢cp}.

These dimensions are always equal; their common value is the rank of A. Thus,
rank(A) = row rank of A = column rank of A < min{m, n}. (1.7
The matrix has full row rank if rank(A) = m, full column rank if rank(A) = n, and full rank if

rank(A) = min{m, n}. It has both full row rank and full column rank precisely when m = n = rank(A).

. J

( )
Example 1 (An inverse and its action). Let

A=(2 1), A‘1=(1 _1), b=(5). (1.8)
11 -1 2 3

The two products can be checked entry by entry:

(D) +1(=1) 1(=-D+12)] lo 1

4o [1@-1m) 1w -1 ) 10
1@ +2() —1(+2) o 1)

s (2(1) +1(=1) 2(=1)+ 1(2)) _ (1 o)

Thus AA~! = A=A = 1,. Therefore

x=A'1b:(5_3):(2). (1.9)
-5+6 1

The first column of A~! solves Ax = (1,0)"; its second column solves Ax = (0, 1)". Linearity combines

these two responses to solve for any right-hand side.
- J

1.2 Obtaining an inverse by row reduction

To compute A~!, we can solve n systems simultaneously. Write the unknown inverse as X = (x| --- X,).
The matrix equation AX = 1,, says

ij:ej’ j=1,...,n, (1.10)

where e is the jth standard basis vector. Each column of the inverse is therefore the solution for one particular
right-hand side.



Theorem 2 (Why Gauss—Jordan inversion works). Let A € R™", A sequence of elementary row
operations transforms (A | 1,) into (1, | X) if and only if A is invertible. Whenever this reduction
succeeds, X = AL

Proof. Every allowed row operation is reversible: a row exchange reverses itself; multiplication of a row by
a nonzero number is reversed by multiplication by its reciprocal; and adding ¢ times one row to another is
reversed by adding —c times the same row. Thus the elementary matrix representing each row operation is
invertible. If the operations are represented, in order, by E1, ..., Eg, their combined effect is multiplication
on the left by the invertible matrix

E =FE---EE). (1.11)

Applying the same operations to both blocks gives
E(a | 1.)=(EA | EL)=(EA | E). (1.12)

If the left block has become 1,,, then EA = 1,,. Because E is invertible, multiplying this equality on the left
by E~! gives A = E~!. It follows that A is invertible and its inverse is E, which is exactly the final right block
X. This argument does not presume that A has an inverse before the row reduction succeeds.

Conversely, suppose A is invertible. Its null space contains only zero, so its n columns are independent.
Row reduction therefore has a pivot in every column. For an n X n matrix, a pivot in every column is also a
pivot in every row. In reduced row-echelon form each pivot is one and all other entries in a pivot’s column are
zero, so the reduced matrix is 1,,. Apply those same row operations to (A | 1,); the preceding argument
shows that the other blockis A™!. m

The resulting procedure is
(A | ]1n) — (1n | A-l). (1.13)
This is Gauss—Jordan elimination: after creating zeros below each pivot, we also create zeros above it and

scale the pivot to one. An elementary operation must always act on the entire augmented row. Changing the
coeflicient block while leaving the right block untouched would no longer describe the same systems.

( A
Example 2 (Computing an inverse and using it). Let
2 1 1
A= , b= . (1.14)
53 2
Beginning with (A | 1;), subtract 5/2 times the first row from the second, and then multiply the second
row by 2:
2 1 1 0 2 1 1 0 2 1 1 0
—> —> . (1.15)
53 0 1 0 1/2 =5/2 1 0 1 -5 2
Subtract the second row from the first and divide the first row by 2. We obtain
1 0 3 -1 3 -1
, A7l = . (1.16)
0 1 -5 2 -5 2




Consequently,

o) e

Substitution gives 2(1) + (=1) = 1 and 5(1) + 3(—1) = 2. Notice that the direct elimination method
would have needed just one augmented column. Computing the inverse required two augmented columns

because it solved for every column of 1,.
(& J

The next example constructs the inverse used in the earlier solution-operator example. It also illustrates
choosing a convenient pivot by interchanging rows.

( )

Example 3 (Gauss—Jordan inversion, step by step). For A =

1
1) from the first inverse example,

2 1 1 0] RioRr, |1 1 0 1) ReeRy2rR, (1 1 0 1
—_— —_—
1 1 0 1 2 1 1 0 0 -1 1 -2
Rz(——Rz 1 1 0 1 R](—R]—Rz 1 0 1 —1
_— _— .
0 1 -1 2 0 1 -1 2

Every row operation acts on both blocks. If A is singular, its left block cannot be reduced to 1,; an

ordinary inverse does not exist.
(& J

2  When an ordinary inverse cannot be used: the pseudoinverse

We now allow A € R™*" with m equations and n unknowns. The right-hand side is » € R™, and a candidate
solution is x € R". A two-sided inverse cannot exist when m # n. A square matrix can also fail to have an
inverse because its columns are dependent. We need to separate three questions:

1. Does any x satisfy Ax = b exactly?
2. If exact solutions exist, is there one or are there infinitely many?

3. If no exact solution exists, what criterion should replace exact equality?

2.1 Singular values: orthogonal coordinates for a linear map

Let r = rank(A) > 0. A singular value decomposition (SVD) is

A=UZV] =) oupt, 2.1)
j=1

where

U, € R™" V, e R,

Y, = diag(oy,...,04), o =>--->0->0.



The columns uy, .. .,u, of U, are orthonormal, as are the columns vy, ..., v, of V... In particular,
ulu, =1,, ViV, =1,. (2.2)

The numbers o7 are the positive singular values. The vectors u ; form an orthonormal basis of Col(A); the
vectors v ; form an orthonormal basis of the row space, regarded as a subspace of R". These statements follow,
for example, from

Avj:a'juj, ATuj:crjvj, jzl,...,}". (23)

Thus in suitable orthonormal coordinates, applying A simply multiplies the jth retained coordinate by o;.

( )\
Theorem 3 (Existence and subspaces of the SVD). Every real m X n matrix A of rank » > 0 admits (2.1)
with the stated positive singular values and orthonormal columns. Moreover,

Col(A) = span{uy,...,u,}, Col(AT) = span{vy,...,v,}, 2.4)
and Null(A) is the orthogonal complement of the latter space. For A = 0, the corresponding expressions

are empty sums.
(& J

Proof. The matrix ATA is real symmetric. By the spectral theorem, it has an orthonormal eigenbasis
Vi,...,V,. Allits eigenvalues are nonnegative: if ATAv = uv and ||v||, = 1, then

u=v'ATAv = ||Av|)3 > 0. (2.5)

Also ATA and A have the same null space. One inclusion follows from Az = 0 = ATAz = 0; the reverse
follows by multiplying ATAz = 0 on the left by z', which gives ||Az||§ = 0. Rank—nullity now shows that
exactly r eigenvalues are positive. Order them as (712 > ... > 0?2 > 0, with zero eigenvalues after these, and
define

._AV]' 1 26
uj=—=, j=1,...,r. (2.6)
J
Forl1<i,j<r,
2.,T,, .
T VIATAy; _ O-jviv]‘ @7
T ooy 0T

This is one if i = j and zero otherwise, so the u ; are orthonormal. For j > r, the corresponding eigenvalue is
zero, hence Av; = 0. Expand an arbitrary vector x in the orthonormal basis vy, ..., v, and apply A:

n
Ax = Z(v;x)Avj =
=1

oi(vixu;. (2.8)
j= =1

J

Since this identity holds for every x, it is exactly the matrix equality (2.1).

Every output in this expression belongs to the span of the u ;, while each u; = Av ;/o; belongs to Col(A).
This proves the column-space equality. Transposing the SVD gives the row-space equality in the same way;
in particular, A'u ; = o;v ;. Finally, the orthonormal expansion shows that Ax = 0 precisely when the first
r coordinates v}x are zero. The remaining directions form the orthogonal complement of the row space,
proving the null-space statement. ®

The spectral theorem, including its proof, appears in Appendix A as Theorem 14. This construction
explains the SVD in exact arithmetic. It is not a recommendation to form AT A to compute an SVD numerically:
doing so can destroy information about small singular values, as a later example demonstrates.



2.2 Deriving the solution directly from the SVD

The following calculation proves existence of least-squares solutions a second way. It also identifies the
freedom that the ordinary inverse cannot resolve.
Decompose the data vector into its component in the column space and its orthogonal remainder:

b = BJ”J+bJ_7 ﬁJ:u;ba U:bJ_ZO (29)

-
J=1

Similarly, every candidate input can be written uniquely as
r
x = Z ajv;+z, aj =vix, z € Null(A). (2.10)
j=1

To justify the last condition, the row space is the orthogonal complement of the null space. Equivalently, (2.1)
shows that V,/z = 0 exactly when Az = 0.
Applying A and using orthogonality gives

,
Ax = O'Jajuj, (211)
j=1
,
1B — Axll3 = > (B - ojey)* + I 13. 2.12)
j=1

This is the central calculation. Each scalar «; affects only one nonnegative term, and z affects none of them.
Therefore the residual is minimized exactly when

_ P

gj

@, i=1,...,r 2.13)

The component b, is the unavoidable residual: it points outside the column space, so no choice of x can
reproduce it. The null-space component z remains arbitrary because the transformation cannot detect it.

Among all the minimizing vectors, which has the smallest Euclidean norm? Orthogonality in (2.10)
yields

r ﬁ 2
||x||§=2(;{) + 2l (2.14)

j=t 7

This expression is uniquely minimized by z = 0. Thus the unique minimum-norm least-squares solution is
X, = —V;. (2.15)

This derivation supplies both the desired solution and an algorithmic interpretation: project onto the left
singular vectors, divide by the positive singular values, and recombine using the right singular vectors.

2.3 Definition and properties of the Moore—Penrose pseudoinverse



( \
Definition 3 (Moore—Penrose pseudoinverse). For the SVD (2.1), the pseudoinverse is the n X m matrix

,
1

AT =V 2 U = Z ;vju}. (2.16)
j=1 J

For the zero matrix, define A* = 0 with the transposed dimensions.
- J

In particular, one never divides by a zero singular value. The plus sign in A" is notation for this particular
generalized inverse; it does not denote an ordinary arithmetic operation. The definition is independent of the
choice of singular vectors in repeated-singular-value subspaces. The uniqueness characterization below also
proves this independence.

Multiplying the SVD factors shows that

AA* =UUT,  ATA=V,V]. 2.17)

The first matrix is the orthogonal projector onto Col(A) € R"™. The second is the orthogonal projector onto
the row space in R”. Therefore these products are generally projectors, not identity matrices. They become
identities precisely when the corresponding subspace is the whole space.

( A
Theorem 4 (Penrose characterization). For every A € R"*", its pseudoinverse is the unique matrix
X € R™ satisfying

AXA = A, XAX = X, (2.18)
(AX)" = AX, (XA)" = XA. (2.19)

| J

Proof. Existence. Assume first that 7 > 0 and take X = V, X 'UT. Multiplying and using UTU, = V[V, = 1,
gives
AX=UUT, XA=V,V. (2.20)

Both products are symmetric. Their actions on the corresponding SVD factors give

AXA = (U, U (U,Z, VD) = U,Z, V! = A,
XAX = (V,V)(v, 2 'UT) = v, 27 UT = X.

Thus the constructed matrix satisfies all four conditions. If A = 0, choosing X = 0 verifies all four directly.
Uniqueness. Suppose now that some X € R™*™ satisfies the four conditions. Complete the orthonormal

columns of U, and V, to square orthogonal matrices U and V. Orthogonal changes of coordinates preserve

both multiplication identities and symmetry: for example, (UTAXU)" = UT(AX)'U. In these coordinates put

0
0

B C

b El (2.21)

)
D0=UTAV=(0" ) Y =V'XU =

The row and column sizes of D are respectively (r,m —r) and (r,n — r). The sizes for Y are reversed; in
particular, Bisr Xr,Cisr X (m—r),Dis (n—r)Xr,and Eis (n—r) X (m —r).



The identity AXA = A becomes DoY Do = Dy. Its upper-left block is
Y.BY, =%, (2.22)
Multiply on the left and right by the invertible diagonal matrix X! to obtain B = X !. Next compute

2B 2.C

. YDy =
0 0 0

DoY = ( (2.23)

BY, 0
DY, 0]

Symmetry of AX requires DoY to be symmetric. Its lower-left block is zero, so its upper-right block must be
zero as well: 2,.C =0, hence C = 0. Similarly symmetry of XA forces DX, = 0, hence D = 0. Therefore Y
has the form

oo
Yy=|" . (2.24)
0 E
Finally, the remaining identity XAX = X becomes YDyY =Y, but
YDyY = %! 0 (2.25)
““lo of ‘

Comparison of the lower-right blocks gives E = 0. Consequently
X =vyYu'=Vv,2 'UT = A", (2.26)

When r = m or r = n, the blocks of size zero are omitted, and the same argument holds. Whenr =0, A =0
and XAX = X reads 0 = X, so uniqueness also holds in that case. Every matrix has therefore exactly one
matrix satisfying the four identities. m

The first equality says that applying A, then its generalized inverse, and then A again preserves the original
output. The symmetry equalities select orthogonal projections rather than oblique projections. All four
requirements together distinguish the Moore—Penrose pseudoinverse from other generalized inverses [7].

Proposition 4 (The four orthogonal projections associated with A). For A € R"*", the matrices AA* and
1,, — AA™ are the orthogonal projectors onto Col(A) and its orthogonal complement. The matrices A*A and
1, — A" A are the orthogonal projectors onto Col(AT) and Null(A), respectively.

Proof. For any matrix Q with orthonormal columns, QQ"y belongs to its column space, because it is a linear
combination of those columns. The remainder satisfies

Q"(y-00'y) =0y -(Q'0)Q"y =0, (2.27)

so it is orthogonal to that space. This proves that QQ" gives the orthogonal projection. It also shows that
1 — QQT gives the complementary orthogonal projection. Algebraically, QQT is symmetric and idempotent,
since (QQ")? = Q(QTQ)Q" = Q0.

Use Q = U, and Q =V, together with (2.17) and Theorem 3. The latter theorem identifies their column
spaces and says that the row space’s orthogonal complement is Null(A). These are the four stated subspaces.
For A =0, AA* and A* A are zero, and the complementary projectors are identity matrices, as required. m

10
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Theorem 5 (What A*b solves). Let A € R"*" and b € R™. Then
x.=A%h (2.28)

is the unique vector of smallest Euclidean norm among all minimizers of ||b — Ax||,. More precisely:

1. All least-squares minimizers have the form
x=A"b+z, zeNull(A), (2.29)

or, equivalently,
x=A"b+(1,-A A)w, weR" (2.30)

2. Their common fitted output and residual are

Ax = AA*b,  r,= (L, - AA")b. 2.31)

3. The system is consistent if and only if AA*h = b. In that case A*b is the unique minimum-norm

exact solution.
. J

Proof. For r > 0, equation (2.12) proves that all minimizers have exactly the positive-singular-value

coordinates in (2.15), with an arbitrary null-space component. The fixed component is A*h by (2.16).

Equation (2.17) shows that 1,, — A*™ A projects onto the null space, so its range is exactly the set of allowable z.
The two components are orthogonal. Consequently, for every null-space vector z,

|A*D +z|13 = [|A*BI15 + lIzl5- (2.32)

The norm is smallest uniquely when z = 0. Applying A to any minimizer eliminates z, proving the expressions
for the fitted output and residual. The residual vanishes exactly when AA*b = b, which proves the consistency
statement. If A = 0, every vector has residual b; the unique vector with smallest norm is zero, and the same
formulas hold. m

When A is square and invertible, all singular values are positive and both projectors in (2.17) are identity
matrices. Thus A* = A~! and Theorem 5 reduces to Theorem 1. A pseudoinverse is a genuine extension of
the inverse, with an additional choice of solution when uniqueness is lost.

2.4 Useful formulas under rank assumptions

( )

Theorem 6 (Full-rank formulas). For a real matrix A € R"*":

1. If A has full column rank »n (so m > n), then

At = (ATA)7 AT, ATA =1,. (2.33)

2. If A has full row rank m (so m < n), then

At = AT(AAT) 7, AAt = 1,,. (2.34)

11



Proof. Full column rank. Here r = n. Let is prove that ATA is invertible. The transpose of ATA is itself, so
it is symmetric. If z # 0, full column rank gives Az # 0, and therefore

Z'ATAz = (A2)"(Az) = ||Az|)3 > 0. (2.35)

This is positive definiteness. If ATA had a nonzero null-space vector, substituting that vector into the left side
would instead give zero, a contradiction. Thus A" A is invertible. This means that the proposed formula is
defined. In the SVD, V. is now an n X n orthogonal matrix. Multiplication gives

ATA =V, 2 UUX, V! =V, 22V (2.36)
Because V'V, = V, V| = 1, direct multiplication verifies that its inverse is V, £-2V. Consequently

(ATA) LA™ = (V. 272VI(V,Z,UT)
=V, 225,00 =V, 2 U7 = AT,

Multiplying the formula on the right by A yields A*A = (ATA)"!(ATA) = 1,,, so it is a left inverse.
Full row rank. Here r = m. The rows of A are independent, so A" has trivial null space. For nonzero
y €R™,
y AATy = ||ATy|3 > 0. (2.37)

Thus AAT is symmetric positive definite and invertible. In the SVD, U, is now square orthogonal, and

AAT = U, 22U (AAH) ' = U,z 20T, (2.38)

r~re

It follows that

AT(AAN) ! = (v, 2, U (U207
=V, 2,220l =V, 2 Ul = AT

Multiplication on the left gives AA* = (AAT)(AAT)~! = 1,,, so this formula is a right inverse. m

The hypotheses matter. If the columns are dependent, ATA is singular. If the rows are dependent, AAT is
singular. The SVD formula remains valid in both cases. Also, for a tall full-column-rank matrix, A*A = 1,
does not imply AA*™ = 1,,; the latter is only a projector. For a wide full-row-rank matrix, the roles are
reversed.

There is a second useful derivation of the full-row-rank solution. Any minimum-norm exact solution
must be orthogonal to Null(A): otherwise removing its nonzero null-space component would preserve the
equations and decrease its norm. It therefore lies in Col(A") and can be written x = A"y. The equation
becomes

AA'y = b, (2.39)

soy = (AA")"'b and x = AT(AAT)"'b. Conversely, this vector solves the equations and lies in the row
space; adding any nonzero null-space vector increases its squared norm. This verifies the minimum-norm
property directly, without confusing it with the choice of setting free variables to zero.

For the one-row matrix A = (1 1), we have AA™ = (2) and

L1
A—2(). (2.40)



For b = 2, this recovers (1, 1) from the first of the three motivational systems. The projector A* A is %

while AA™ is the 1 x 1 identity 1;.

-

Example 4 (Fitting a line to three measurements: the solution operator). Revisit the fit y =~ @ + ¢ to the
points (0, 1), (1,2), (2,2). Then

10 1 s
Aa=l1 1], x=|%. bp=|2|. ATa=
35
1 2 2

, ATh = (5) : 2.41)

B 6

Solving the 2 X 2 normal equations gives @ = %, B = % The fitted values and residual are

7/6 -1/6
Ax=|5/3 |, r=|1/3], Irll; = 1. (2.42)
13/6 -1/6

Check that the entries of r sum to zero and that 0(—=1/6) + 1(1/3) + 2(=1/6) = 0. These are exactly the
two equations ATr = 0; the fit satisfies least-squares optimality even though its residual is not zero.
Now compute the entire pseudoinverse and the data-space projector, so that the same fit can be reused for
other measurements at ¢ = 0, 1, 2. Since the columns are independent,

1({5 -3
ATA—]:_ ,
( ) 6(—3 3)

1{5 2 -1

At = - ,

6(—3 0 3)

5 2 -1

L1
AA =5 2 2 2
-1 2 5

Thus every data vector (b1, by, b3)" is assigned the line coefficients
5by +2by — b3 =Dy + b3
a=—""", ==
6 2
For (1,2,2)" these formulas reproduce @ = 7/6 and 8 = 1/2. The vector (1,-2, 1) is perpendicular to
both columns of A, and direct subtraction gives

(2.43)

1
1
1L-A4*==| 2|1 -2 1). (2.44)
1
Applying this complementary projector to (1,2,2)" gives (—1/6,1/3,—1/6)", the same residual obtained

by subtraction. This is a complete operator-level version of the earlier normal-equation fit: A* returns its
coefficients, AA* returns the fitted data, and 15 — AA™ returns the unattainable data component.

13



p
Example 5 (An underdetermined system and the shortest exact solution). Consider

A=(1 0 1), b:(l). 049
01 1 1

The equations are x; + x3 = 1 and x, + x3 = 1. Setting x3 = ¢ gives all exact solutions:

1-1t
x(t)=|1-1], t eR. (2.46)
t

Setting the free variable to zero gives (1, 1,0)", but there is no reason for that choice to have smallest
norm. In fact,

2 2,2 2\ 2
()5 =2(1 —1)° +1¢ :3(t—§) +§. (2.47)

The minimum occurs at r = 2/3, giving x,. = (1/3,1/3,2/3)".
The rows are independent, so the full-row-rank formula gives the same answer:

2 1 1{2 -1
AAT = , AAT) ! = = , 2.48
(1 2) (44°) 3(—1 2) (2.48)
2 -1 1/3
+ 1 +
A == -1 2, A*b =|1/3]. (2.49)
1 1 2/3

The null space is spanned by (-1, —1, 1)". Its inner product with x, is —1/3 — 1/3 + 2/3 = 0, verifying
that the minimum-norm solution has no null-space component. The squared norm is 2/3, compared with
2 for the basic solution obtained by setting the free variable to zero.

Example 6 (A singular matrix with consistent and inconsistent data). Let

1 2
A= 5 4l (2.50)
Its second row is twice its first, so its rank is one. A SVD is
u; =v :L(l), o1 =5, A =5uv]. 2.51)
V512
Consequently,
At = %vluI = % (; i) ) (2.52)

Neither ATA nor AAT is invertible, so the special full-rank formulas cannot be used.

14




For b = (3,6)7, the system is consistent and the pseudoinverse gives

x.,=A"bh = 3/5), Ax, = (3) . (2.53)

6/5 6

Every exact solution is x, + 7(—2, 1)", with ¢ € R. Because x[ (-2, 1)" = 0, its squared norm is increased
by exactly 5¢> when a null-space component is added.

Now change the data to b = (3,5)". Elimination produces a zero row with right-hand side —1, so an
exact solution is impossible. Nevertheless,

_ o _i 13 _(13/5 | 2/5
X, =A"b = 5 (26)’ Ax, = (26/5)’ r.= (_1/5) . (2.54)

The residual is orthogonal to (1,2)", the direction spanning the column space. Its squared norm is 1/5,
the smallest achievable value. All least-squares minimizers are again x. + (=2, 1)7, and ¢ = 0 selects the
unique one with smallest norm. The same matrix A* handles both data vectors; consistency determines
whether the minimum residual is zero.

.

1
Example 7 (A singular matrix: exact solutions and best fits). Returnto A = (

1
. It has rank one and
2 2

the SVD

1 (1 1 (1
ulz%(z), vlz@(l), o1 = V10. (2.55)

12 12 11
A+:%(1 2)’ AA+:%(2 4)’ A+A:%(1 1)' &=

For the consistent right-hand side b = (3,6)", x, = (%, %)T, and every exact solution is x, + #(1,—1)".
For the inconsistent right-hand side b = (1,0)",

1/10 1/5 4/5
X, = / , Ax, = / s r, = / . (2.57)
1/10 2/5 -2/5
The residual is perpendicular to (1,2)", and ||r. ||§ = 4/5, agreeing with the earlier scalar minimization.
Adding 7(1, —1)" keeps this residual but increases the squared solution norm by 272

Consequently

3 Computing generalized solutions reliably

The preceding formulas describe exact mathematical objects. Numerical implementations must also decide
which matrix directions can be reliably resolved. This section connects the geometry of the pseudoinverse to
conditioning, floating-point calculations, and practical software choices.
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Once a SVD is available, compute A*b in three stages:
C=U:b, dj=Cj/0'j (j=1,...,l’), x=Vrd. (31)

The cost is O (mr + nr) operations for one right-hand side, excluding the factorization. Explicitly forming
A™ costs an additional dense matrix product and stores nm entries. The factorized application is therefore
analogous to solving with LU factors instead of first constructing an ordinary inverse.

For a general dense m xXn matrix, standard algorithms for an economy-size SVD have cost O (mn min(m, n)):
O(mn?) for a tall matrix and O (nm?) for a wide one. These statements concern the usual factorization
without unnecessarily constructing full square orthogonal factors. Requested factors, implementation details,
and numerical accuracy affect constants. Although QR and SVD can have the same asymptotic order for a
given shape, the SVD generally requires more arithmetic; it also provides singular values and more direct
control over rank decisions [6].

3.1 Small singular values amplify errors

( A
Theorem 7 (Sensitivity to a change in the right-hand side). Fix A € R"*" with rank r > 0 and smallest
positive singular value o.. If x, = A™h and X, = A*(b + 6b), then

" u'sh 5b
br=Foxa= Y ey forly < 122 32)

J r

The bound is sharp: ||[A*||; = 1/0;. For A = 0, every minimum-norm solution is zero and the change is
ZET0.

Proof. Linearity gives 6x = A*6b, and substituting the SVD formula gives the displayed sum. Since the
right singular vectors are orthonormal,

r|utob|?
<
— <

RIEEDY —

1 © 1
= > ujob)? < ;H(Sb”%. (3.3)
=t Y rj=l r

The first inequality uses o; > o; the second is Pythagoras after decomposing ¢b into its column-space
component and perpendicular remainder. Taking square roots gives the bound. It is attained for the unit data
perturbation 6b = u,, whose response is v, /0, and has norm 1/0. This also proves the asserted operator
norm. For A = 0, the definition A* = 0 gives the conclusion directly. m

This absolute error bound applies to singular matrices as well, provided A is held fixed. An error along
u j is multiplied by 1/07;; an error perpendicular to the column space does not change A*b at all, although
it changes the residual. Large responses to errors in weak but retained directions can reflect sensitivity of
the mathematical problem rather than a defect of the algorithm. Perturbations in A itself are more delicate
because they can change its rank and singular subspaces.

Rank itself is discontinuous under perturbations. For example, diag(1, £) has rank two for every ¢ # 0,
but rank one when & = 0. Its second inverse entry is 1/& before the rank drops, whereas the corresponding
pseudoinverse entry at zero is zero. Consequently, deciding whether a tiny computed singular value represents
meaningful information requires a tolerance.
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3.2 Numerical rank and truncated SVD

Choose a nonnegative threshold 7. For example, a scale-aware rule is T = Typs + Tre1071, Where the absolute
threshold has the same units as the singular values and the relative threshold is dimensionless. Define

re=#je{l,....r}:o;>1},

-
_ ST
A = Z oy,
J=1
g;j>T
"y ugb
x;=Alb = —;.
. g
j=1
gj>T

The count r, is a numerical rank at the selected threshold. The truncated SVD solves a modified problem in
which weak singular directions are discarded. It is the exact minimum-norm least-squares solution for A,
but generally not for the original A.

Proposition 5 (What truncation changes). Use the exact SVD of A and a threshold 7 > 0. Let J = {j €
{l,...,r}:0;>7}andset B; = u}b. The truncated vector x ; is the unique minimum-norm least-squares
solution for A,. Its residual for the original matrix A satisfies

1B - Axcl3 = 16,15+ )" 45, (3.4)
=1
jer

where the omitted indices range over the positive singular values of A. Thus it is also a least-squares solution
for the original A if and only if every discarded coeflicient 3; is zero. If at least one direction is retained, the
norm of the truncated inverse is 1/min ¢ o7;; if no direction is retained, that operator is zero.

Proof. The retained terms form a SVD of A, so Theorem 5 gives its minimum-norm solution as
r
Bi
X = —v;. 3.5
=), g (3.5)
j=1
JjeJ

Applying the original A gives Ax, = Z;.: | Bjuj, since Av; = oju ;. Consequently

jeJ
,
b-Ax,=b,+) pju;. (3.6)
j=1
jes

These summands are orthogonal, proving (3.4). The exact minimum residual for A has squared norm ||b ||%.
Equality with the truncated residual therefore holds exactly when every discarded scalar coefficient is zero.
The operator-norm statement follows by the same orthonormal calculation as Theorem 7, now using only
retained singular values. An empty sum gives the zero operator and the zero solution, covering the case J is
empty. H
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A commonly used scale for roundoff-level rank decisions is

T = max(m, n) €mach01, 3.7)

where epach denotes the spacing immediately above one in the working precision. This is a convention for a
numerical decision, not a theorem that smaller singular values of the exact matrix vanish. A threshold based
on measurement error, units, or modeling uncertainty can be more appropriate. If no singular values are
retained, the output is the zero vector.

s

Example 8 (A tiny singular value is not the same as zero). Let A = diag(1,1078) and b = (1, 107%)".

The exact solution is (1, 1)". Changing the second data entry by 108 changes the second solution entry
by one. The inverse amplifies that perturbation by 108.

With a chosen threshold 7 = 1079, the truncated SVD instead gives x, = (1,0)" and residual (0, 1073)T.

The small residual does not imply a small solution error. The cutoff makes a deliberate approximation
that may be appropriate for noisy data; it does not discover that this mathematically invertible matrix is
exactly singular.

Example 9 (Truncation trades data fit for reduced noise amplification). Let

1 0 1 1
A= (0 10—8) s Xirue = (1) s btrue = ) . (38)

1078
Suppose the measured right-hand side has an additive error (0, 107)". Then

1 1
bops = , A b = . 3.9
obs (1.01 x 10—6) obs (101) 39)

This solution fits the observed data exactly, but its error relative to X has norm 100. With threshold
7 = 1077, the second singular value is discarded and

1
Xt = (0) ’ 1Bobs — Axll2 = 1.01 x 107, Xz = Xuuell2 = 1. (3.10)

Truncation improves the reconstruction in this example by declining to fit the data along a direction
dominated by noise. It also introduces bias: the true second coordinate is not recovered. Its usefulness
depends on the noise scale and on what information can reasonably be recovered from the data. A
tolerance should reflect those considerations, not just a desire for a smaller solution norm.

J

There are two distinct sources of a rank threshold: floating-point uncertainty in the matrix calculation and

measurement or modeling uncertainty in the data. A threshold based only on machine precision addresses the

former. It need not be appropriate when the data are substantially noisier than floating-point arithmetic.
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4 Error analysis

4.1 Residual, forward error, and a backward-error interpretation

Let X be a computed approximation to the exact solution x of a nonsingular system. Its residual is
r=>b- Ax. 4.1

The forward error is X — x, which is usually unknown because the exact solution is unknown. These quantities
are related but are not interchangeable.

For a dense square matrix, explicitly computing AX uses 2n> — n flops and subtracting it from b uses n
more, so a residual costs 2n” flops under our convention. It is inexpensive compared with a cubic factorization
and should use the original data, not the overwritten factor storage. The identity

AX=b-r 4.2)

says that the computed vector is the exact solution for a perturbed right-hand side. Thus ||r||/||b]|, for b # 0,
is a relative backward error if A is held fixed and perturbations to b alone are permitted.
A useful scaled residual, using the Euclidean vector norm and its induced matrix norm, is
b — Ax|l>

n= = . 4.3)
All2llx1l2 + 15112

( 1
Theorem 8 (Exact interpretation of the scaled residual). Let A € R"™*", b € R™, and X € R". Define
d = ||A|]2lIX]l2 + ||b]l2. If d > 0, the value = ||b — AX||/d is the smallest € > 0 for which perturbations
can satisfy

(A+AA)x =b +Ab, IAA]l2 < €l|Al, 1Ab]l2 < €l|b]]2. (4.4)

This statement uses the spectral matrix norm and the Euclidean vector norm. If d = 0, the residual is

zero and we define n = 0.
(& J

Proof. Write r = b — Ax. Any admissible perturbations obey r = AAX — Ab. The triangle inequality and the
induced-norm inequality give
Irll2 < [[AAll2[IX]l2 + |AB]> < ed. (4.5)

For d > 0, every admissible € is therefore at least 7.
To show that the bound can be attained, first suppose X # 0 and choose

_ Al 1% Ap = Pl

AA —,
d |x]l2 d

r. (4.6)

The spectral norm of an outer product uv' equals ||u||2]|v||2: Cauchy—Schwarz bounds its action on a unit
vector, and equality is attained in the direction of v when it is nonzero. Thus these choices have norms n||A||»
and n||b||,. Furthermore,

_ IAlRI¥2 + 115112

d

so the perturbed equation holds. If x = 0 and d > 0, then b # 0 and = 1; choose AA = 0 and Ab = —b.
Finally, d = 0 implies b = 0 and ||A|[2]|X]|2 = 0, hence Ax = 0. No perturbation is needed, so the defined
value = 0 is appropriate. ®

AAX — Ab =r, 4.7
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A similarly scaled residual can be a useful diagnostic in other induced norms. The explicit attaining
construction above is written for the Euclidean/spectral pair. Residual computation itself incurs rounding;
using higher precision for that calculation can be valuable when very small backward errors matter [3].

4.2 Conditioning measures sensitivity of the problem

( A
Definition 6 (Condition number). For a nonsingular square matrix and an induced matrix norm, define

K(A) = [IAIIIIA™]. (4.8)

In the spectral norm, k2(A) = 0max(A)/0min (A), where the numerator and denominator are the largest
and smallest singular values. A large condition number means that some small relative perturbations to

the data can cause much larger relative perturbations to the solution.
(N J

The condition number is at least one because 1 = ||1]| = ||AA~"|| < ||A||||[A~"||. Multiplying the entire
matrix by a nonzero scalar does not change it: the scalar factors in ||cAl|||(cA) " || cancel. This is one reason
conditioning is more informative than an unscaled determinant or an absolute pivot threshold. Its appearance
in a formula does not require us to form an inverse numerically; practical condition estimators can work with
existing factors.

( )
Theorem 9 (Residual-to-error bound). Let A € R™*" be nonsingular, let b # 0, and let x = A~'b. For
any approximation X € R" with exact residual r = b — AX, every vector norm and its induced matrix
norm satisfy

1% —xl il
< k(A)——. 4.9
TR “3)

- J

Proof. The hypotheses imply x # 0, so both denominators are nonzero. Subtract the equations defining the
residual and the exact solution: A(x —X) = r. Applying A~! and using the induced-norm inequality gives

e =% < A~ []Ir|l. (4.10)

The exact equation also gives ||b|| < ||Al|||lx]|, or 1/]|x]| < [|A]|/||&]|. Multiplying the first bound by this
upper bound on 1/||x|| gives the claimed relative inequality. No property of the algorithm producing X was
used; this is a statement about the problem and the approximation itself. m

( )
Example 10 (A tiny residual with a large solution error). Let

10 1 1
ool ) ol )+

The residual is (0, 10~8)T, so its relative norm is about 10~8. Nevertheless, ||¥ —x]|2/||x]l>» = 1/V2. Here
k2(A) = 108. The small coefficient in the second equation makes a large error in x, almost invisible to
the residual. A residual must be interpreted together with the sensitivity of the problem.
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For the same diagonal example, the infinity norm gives an especially transparent equality: the relative
solution error is 1, the relative residual is 1078, and k., (A) = 10%. The right side of (4.9) is exactly 1. This
supplements the Euclidean calculation in the example and shows why all norms in a particular bound must be
chosen consistently.

( N\
Theorem 10 (Simultaneous perturbations of the matrix and data). Let A be nonsingular, b # 0, and
Ax = b. Use a vector norm and its induced matrix norm, and define

IAA| Ab]|
podll o S B (4.12)
Al lI5]]
If k(A)ea < 1, then A + AA is nonsingular and the unique perturbed solution x + Ax satisfies
[l Ax| k(A)
< €At €p). 4.13)
el = T=x(yes 4+ )
- J

Proof. First, |A71AA|| < k(A)ea < 1. If (A + AA)z = 0, thenz = ~A~'AAz, s0 ||z|]| < ||A~'AA]|||z||. The
strict bound forces z = 0. A square matrix with trivial nullspace is invertible; hence the perturbed solution
exists uniquely.

Expand its equation and subtract Ax = b:

AAx = Ab — AAx — AAAx. 4.14)
Apply A~ and the norm inequalities, and then collect the term containing ||Ax|| on the left:
(1= [lAT A A < AT I(1AB] + |AA]llx]]).- (4.15)

The coefficient on the left is positive. Divide by it and by ||x|| > 0. Finally use ||b]|/||x|| < ||A|| and substitute
the definitions of €4, €p, and «(A). This gives (4.13). =

For matrix perturbations small enough that the denominator is near one, this is approximately a condition-
number multiple of the relative data perturbation. When that denominator approaches zero, no such small-error
guarantee survives. This explains the separate roles of problem sensitivity and the size of the numerical
perturbation.

A Linear algebra background

A.1 Inner products, lengths, and matrix norms

The Euclidean inner product of two vectors of length 7 is

n

(x.yy =xTy = > x;y). (A1)
j=1

It is symmetric, linear in each argument, and satisfies x'x > 0 with equality only for x = 0. Two vectors are
orthogonal if their inner product is zero. Their Euclidean length is ||x||2 = VxTx; a vector with length one is
a unit vector. A family is orthonormal when its vectors are unit vectors and distinct members are orthogonal.
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Proposition 7 (Cauchy—Schwarz and Pythagoras). For vectors x,y € R",

Tyl < llxll2llyll2- (A2)

If the vectors are orthogonal, then
I+ 315 = x5 + lly 5. (A3)

Proof. If y = 0, the first inequality holds with both sides zero. Otherwise set ¢ = (x"y)/(y"y). Expanding a
nonnegative squared length gives

(xTy)?
Iyl

0< llx—cyll = llxll5 - (A4)

Multiply by the positive number || yllg and take square roots. For the second claim, expand ||x + y||% =
||x||§ +2xTy + ||y ||?; orthogonality removes the cross term. m

A norm is a function measuring vector size. It is nonnegative and vanishes only at zero, satisfies

llcx|| = |c|llx||, and obeys the triangle inequality ||x + y|| < ||x|| + ||y||. The norms used in this note are
1/2
n n
2
Belv= > gl Ikl ={ D P . e = max [xyl. (A5)
= = 1<j<n

Nonnegativity and homogeneity follow directly from the definitions. The triangle inequality for the 1- and
infinity norms follows by applying |x; +y ;| < |x;|+ |y ;| in each coordinate. For the 2-norm, Cauchy—Schwarz
bounds the cross term in the preceding expansion by 2||x||2|ly |2, yielding [lx + y|I2 < (llx|l2 + [y ll2)>.

( A
Definition 8 (Induced matrix norms). For p € {1,2, 00} and A € R"*" define

IA[l, = max 1Axlp _ o Ax]l,. (A.6)
x20 x|, lxlp=1

This is the largest amplification of a vector by A. The input norm is on R”, and the output norm of the
same type is on R". The Frobenius norm is a different matrix norm:

172

IAllF = i Z laii P (A7)

i=1 j=1

It treats the entries as one long vector.
(& J

The two maxima in the induced-norm definition agree because rescaling a nonzero vector to unit length
does not change the ratio. They are attained: a continuous function on the finite-dimensional compact unit
sphere attains its maximum. We use this familiar extreme-value fact again in the spectral theorem proof below.

Proposition 9 (Entrywise formulas and norm inequalities). For a real m X n matrix,
m n
Al = max > lail, Al = max > |al. (A8)
1<j<n = ISlSmjzl
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For conformable matrices and vectors and p € {1, 2, oo},
IAx|l, < llAllpllxllp,  IABll, < [AllplIBIlp- (A9)
The induced norms are matrix norms, and ||AB||r < ||A|l||B||E-

Proof. For the 1-norm, sum the componentwise triangle inequalities:

m n n m m
lAxl < > > lail il = (Z |al-,-|) e (m,axz |al-]-|) el (A.10)
j=1 \i=1 ©oi=l

i=1 ,:

This proves an upper bound on ||Al[;. Choose x = e,, where column j, has maximal absolute column sum.
It has unit 1-norm, and Ax is that column, so the upper bound is attained.

For the infinity norm, each row satisfies |[(Ax);| < (Z;’: i laij)|lx]l. Choose a row i, of maximal
absolute row sum and take x; = 1 when a;; > 0 and x; = —1 when a;,; < 0. Then [|x|| = 1 and
(Ax);, = 2'_; lai.j|, proving equality.

The bound on Ax is the definition when x # 0 and is trivial when x = 0. Applying it twice gives
|ABx||, < ||AllplIBllpllx|l,; maximize over unit vectors to obtain submultiplicativity. Positivity and
homogeneity of the induced norm follow from those of the vector norm. If A # 0, some column Ae; is
nonzero, so ||A||, > 0. Finally, [|[(A + B)x||,, < (llAll, + ||Bll,)llx]|, proves its triangle inequality.

For the Frobenius product inequality, let A € R™*" and B € R"¢. Apply Cauchy—Schwarz to each
row—column dot product:

m £ m n n
PPN (Z ai] ) (Z |bk,~|2) = I AIZIIBIIZ. (A.11)
k=1

i=1 j=1 i=1 j=1
Taking square roots proves the claim. m

Every induced norm of 1, is 1, while ||1,|[r = vn. Thus for n > 1 the Frobenius norm is not
induced by any single vector norm on R”. It remains a useful matrix norm. The SVD will also give
IAll2 < ||Allg < V|| A]|; for rank r. Different norms measure different aspects of an error, so the norm must
be specified when reporting accuracy or a condition number.

A.2 Identity, inverses, and equivalent conditions

A square matrix A € R™" is invertible, or nonsingular, if a matrix A1 satisfies A™'A = AA~! = 1,,. The
inverse is a matrix describing the reverse linear map, not an entrywise reciprocal. Its uniqueness follows
directly: if B and C are both inverses, then B = B(AC) = (BA)C =C.

( )

Theorem 11 (Equivalent descriptions of invertibility). For A € R™*", the following are equivalent:

1. A is invertible.
2. rank(A) = n.
3. The columns of A are independent.

4. The columns of A form a basis of R”.
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5. Null(A) = {0}.
6. Col(A) =R".
7. For every b € R, Ax = b has exactly one solution.

In this case that solution is x = A~1b.
. J

Proof. If A has an inverse and Ax = 0, multiplying by A~! gives x = 0. Thus (1) implies (5). Conversely,
rank-nullity proves (5) &< (2), because the number of columns is n. The columns are independent exactly
when their only zero linear combination is the trivial one, which is (5); thus (3) &< (5). There are exactly
n columns, so an independent family of this size in R” is a basis by the basis facts above. This proves the
equivalence with (4). The column space has dimension n precisely when it is all of R": a proper subspace
could have its basis extended by a vector outside it, so could not already have dimension n. This proves
(2) = (6).

If (4) holds, every b has a unique representation in the column basis, which is exactly the unique solution
of Ax = b. Thus (4) implies (7). If (7) holds, its instance b = 0 says the nullspace is {0}, so (7) also implies
(5).

To finish the only direction not yet established, suppose (7) holds. For each coordinate vector e, let ¢ ; be
its unique solution, and assemble C = (¢; --- ¢). Then AC = 1,,. For any x, the two vectors CAx and
x have the same image under A, since A(CAx) = (AC)Ax = Ax. Uniqueness, applied to right-hand side
Ax, gives CAx = x for every vector. In particular this holds for every e, so CA = 1,, and C is the inverse.
Finally, multiplying Ax = b by A~! gives the solution formula, and direct substitution verifies it. m

The square hypothesis is essential. A rectangular matrix can have full row rank without full column rank,
or conversely. These cases support a right inverse or a left inverse respectively, but not a two-sided inverse
between equal-dimensional spaces.

If A, B are invertible square matrices of the same size, then

(AB)"' =B7'A7!, (AN =@ (A.12)

For the first identity, multiply AB by B~' A~! in either order; the adjacent inverse pairs cancel to give 1. For
the second, transpose AA~! = A~1A = 1 and use the reversal rule for a transposed product. Uniqueness of
the inverse completes both arguments.

Proposition 10 (Invertibility of a triangular matrix). A triangular square matrix is invertible exactly when
every diagonal entry is nonzero. In particular, a unit triangular matrix is invertible.

Proof. First let U be upper triangular with nonzero diagonal. For any right-hand side, its last equation
determines x, by division by u,,. Once x;;1,...,x, have been determined, row i determines x; =
(b; - Z;‘:i +1 UijXj)/u;;. This gives one and only one solution for every right-hand side, so U is invertible by
Theorem 11.

If a diagonal entry is zero, let k be the first such index. Setx; = 1andx; = O for j > k. Rows k, ..., n of
Ux = 0 are then already satisfied: the kth diagonal coefficient vanishes, and later rows only involve the later
zero coordinates. Solve rows k — 1,..., 1 upward; their diagonal entries are nonzero by the choice of k. The
result is a nonzero nullspace vector because xx = 1. Thus U is not invertible. A lower triangular matrix has
an upper triangular transpose with the same diagonal, and invertibility is unchanged by transposition, proving
the lower triangular case. m
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The determinant: an algebraic criterion, with a proof. For a square matrix, the determinant can be
defined by the finite sum

n

det(A) = > sen(m) [ i), (A.13)
neS, i=1
where S, is the finite set of all permutations of {1,...,n} and sgn(x) is +1 for an even permutation and

—1 for an odd permutation. This definition makes the determinant linear in any one row when the other
rows are fixed. Interchanging two rows changes its sign: reindex the permutations by the same transposition,
which changes their signs and preserves the corresponding entry products. Equal rows therefore force the
determinant to be its own negative, hence zero. A zero row also makes it zero directly.

Proposition 11 (Determinant and invertibility). For A € R™*", A is invertible if and only if det(A) # 0. For
a triangular matrix, the determinant is the product of its diagonal entries.

Proof. If U is upper triangular, a nonzero product in the determinant sum would require 77 (i) > i for every i.
But 37, m(i) = 2.7, i, so all these inequalities must be equalities. Only the identity permutation contributes,
yielding det(U) = []; u;;- The same argument with inequalities reversed applies to a lower triangular matrix.

Now row-reduce A to echelon form. A row swap changes the determinant’s sign, and scaling a row by
¢ # 0 multiplies it by c¢. Adding a multiple of one row to another leaves it unchanged: linearity in the changed
row gives the original determinant plus a term with two identical rows, and that second term is zero. Thus
these operations preserve whether the determinant vanishes. If the echelon form has rank #, all n columns are
pivot columns, so it is upper triangular with nonzero diagonal and has nonzero determinant. If it has rank less
than n, it has a zero row and determinant zero. Since the echelon rank is rank(A), the criterion follows from
Theorem 11. m

Geometrically, | det(A)| is the volume scaling factor of the square linear map. Its magnitude alone is
not a reliable numerical measure of nearness to singularity. For example, A = «1,, has det(A) = a" and
condition number one for every nonzero «, because its induced norm is || and that of its inverse is |e| L.
Conversely, A = diag(e, £~!) has determinant one but 2-norm condition number £~2 when 0 < & < 1: the
largest stretching factor of both A and A~! is £~!. Numerical rank and sensitivity should be assessed with
suitable factorizations and singular values, rather than by comparing a determinant with an arbitrary absolute
tolerance.

A.3 Orthonormal coordinates and orthogonal projection

Lemma 12 (Constructing an orthonormal basis). Every subspace of R™ has an orthonormal basis. An
orthonormal family can be extended to an orthonormal basis of R"™.

Proof. For the zero subspace, the empty family is already an orthonormal basis. For a nonzero subspace, start
with a basis vy, ..., v, of the subspace. Set ¢, = v1/|[vi|l2. If orthonormal vectors ¢, . ..,q;_; spanning
the first j — 1 basis vectors have been constructed, set

Jj-1
wi=v;— Z(q{vj)qi. (A.14)
i=1

For each ¢ < j, taking an inner product with g, gives g;w; = 0, because orthonormality cancels exactly the
term with i = £. The vector w; is nonzero; otherwise v; would be a combination of the preceding basis
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vectors. Therefore g ; = w;/||w ||2 is well defined. The spans agree at every step because each new ¢ is a
nonzero multiple of v ; plus a combination of earlier vectors. This is the Gram—Schmidt construction.

To extend an already orthonormal family, first extend it to any basis of R” by Lemma 13, then apply this
construction in that order. The original orthonormal vectors remain unchanged, because all earlier inner
products are already zero and their lengths are one. m

Lemma 13 (Finite-dimensional basis facts). An independent family in a subspace can be extended to a basis
of that subspace. Any two bases of a subspace have the same number of vectors. This number is its dimension;
the zero subspace has dimension zero.

Proof. First suppose vy, ..., v, are independent and w1, ..., w, span a subspace containing them. We show
k < € by successive replacement. Express v using the w’s. At least one coefficient is nonzero, since v # 0;
solving for that w lets us replace it by v; without changing the span. Suppose i replacements have produced
a spanning family consisting of v{,...,v; and £ — i remaining w’s. If i < k, the expression for v;; in this
family must use a remaining w with nonzero coefficient. Otherwise it would lie in the span of the first i
independent vectors, a contradiction. Solve for that w and replace it. This cannot continue after all £ positions
are filled, so k < ¢.

Starting with an independent family in S, add a vector of § outside its span whenever one exists. Each
addition preserves independence: a dependence with a nonzero coeflicient of the new vector would express
it using the previous ones. There can be at most n independent vectors in R" by the preceding argument
with its standard basis. Thus this process terminates with an independent spanning family of S, a basis.
Finally, comparing two bases, each as an independent family against the other as a spanning family, gives
both inequalities between their sizes. The sizes are equal. =

For Q € R™*" with orthonormal columns, QTQ = 1,. If ¢,d € R”, then
(Qc)'(Qd) = c'Q'0d = c'd. (A.15)

Thus these coordinates preserve inner products and lengths: ||Qcll2 = ||c|l2. When r = m, Q is called
orthogonal, its inverse is Q" and QQ" = 1,,. An orthogonal matrix therefore preserves Euclidean angles as
well as lengths. For r < m, QQT is not 1,,, as the next theorem explains.

( N\
Theorem 12 (Projection onto the span of orthonormal columns). Let Q € R™*" satisfy Q"Q = 1,, and
let S = Col(Q). The unique closest vector in S to b € R™ in Euclidean norm is

p=00'b. (A.16)

The residual r = b — p is orthogonal to every vector in S. The matrix P = QQ" is symmetric and
idempotent: PT = P and P? = P. Conversely, every real symmetric idempotent matrix is the orthogonal
projection onto its column space.

Proof. The vector Q"b has r coordinates, so QQb belongs to S. Moreover,
O'r=0b-0'00'b=0"p-1,0"b =0. (A.17)

This means r is orthogonal to each column of Q, and hence to every linear combination of those columns.
Forany y € S, p — y lies in S, so Pythagoras gives

15 =yl5 = lr+(p =I5 = lIrll5 + llp - yli5. (A.18)
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The final term is nonnegative and vanishes exactly when y = p. This proves existence and uniqueness of the
closest point, not just stationarity of a squared-distance expression.

The transpose rule gives (QQ™)" = QQ7, and P> = Q(Q7Q)Q" = QQ" = P. Conversely, suppose PT = P
and P? = P. The candidate Pb lies in its column space. Any vector of that space has the form y = Pw, and

y'(b-Pb)=w P (1-P)b=w(P-P)b=0. (A.19)

Thus its residual is orthogonal to the column space. The same Pythagorean argument proves that Pb is the
unique closest point. For » = 0, use the empty-column matrix Q and P = 0; its column space is {0} and the
same conclusion is immediate. m
3
P =
1

The residual (1, —1)" is perpendicular to the line spanned by (1, 1)T. Applying the projection twice makes no
further change, because the first output is already on that line.

For example, ¢ = 271/2(1,1)" gives

o111
P=a0 =51, |

2
2) ) (A.20)

( )
Theorem 13 (Orthogonal decompositions and the fundamental spaces). For a subspace S C R, let
St ={z:z"y =0forevery y € S}. Every vector has a unique decomposition into a vector of S and one
of S*. Their dimensions sum to d. For A € R"™*",

Null(A) = Row(A)*, Null(AT) = Col(A)*. (A.21)
Consequently,

R" = Row(A) & Null(A),
R™ = Col(A) ® Null(A").

The symbol & here denotes a sum with unique, mutually orthogonal components.
\\ J

Proof. Take an orthonormal basis matrix Q for S. Projection gives b = QQ"b + (1 — QQ")b, with the first
term in S and the second in S*. If also b = s + ¢ with s € S and ¢ € S+, subtract the two expressions. The
difference of the two S components lies in both S and S*. A vector in their intersection is orthogonal to itself,
so its squared norm is zero and it must vanish. Both components therefore agree, proving uniqueness.

Extend the » = dim S orthonormal columns of Q to an orthonormal basis of R¢. The remaining d — r
vectors are in S*. They span it: a vector orthogonal to the first r basis vectors has zero coefficients along those
vectors in its orthonormal expansion. Thus dim S+ = d — r, and the same argument also proves (S*)* = S.

Finally, Ax = 0 says precisely that x is orthogonal to each row of A. Being orthogonal to those rows is
equivalent to being orthogonal to their span, proving the first identity in (A.21). Applying this reasoning to
AT proves the second. Substitute these identities into the decomposition just proved to obtain the displayed
fundamental-space decompositions. ®

The matrix 1 — P projects onto S*: the decomposition shows its output is the perpendicular component,
and its symmetry and idempotence can also be checked directly. The input decomposition for A separates
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detectable row-space components from invisible nullspace components. The output decomposition separates
attainable data from unattainable data. These are the geometric ingredients of least squares and of the
minimum-norm choice among multiple solutions.

A.4 Symmetry, positivity, and the spectral theorem

A real square matrix H is symmetric if H' = H. It is symmetric positive definite if it is symmetric and
x"Hx > 0 for every nonzero x. Replacing > by > gives positive semidefiniteness. Symmetry is part of these
definitions in this note.

An eigenpair of a square matrix consists of a scalar 4 and a nonzero vector v such that Hy = Av.
The vector is an eigenvector and the scalar is its eigenvalue. Even real square matrices can have complex
eigenvalues, and not every matrix has a basis of eigenvectors. Rectangular matrices do not have eigenvalues
in this usual sense. Symmetric real matrices have a particularly useful structure.

Theorem 14 (Real spectral theorem). Every real symmetric d X d matrix H has an orthonormal basis of
real eigenvectors. Equivalently, there are a real orthogonal W € R4*¢ and real scalars A1, . .., 14 such
that

H=WAW', A = diag(1y,...,4q). (A.22)

Proof. We first find one unit eigenvector using the continuous function f(x) = x"Hx on the Euclidean
unit sphere. The sphere is compact, so the extreme-value theorem gives a maximizing unit vector u. Set
A = u"Hu, which is real. If v is any unit vector perpendicular to u, the curve x(¢) = u cost + v sint stays
on the unit sphere, because orthogonality gives ||x () ||% = cos? 7 + sin’ ¢ = 1. Therefore the differentiable
function

g(1) =x(t)"Hx(t) = Acos’t + 2(v"Hu) sint cos  + (v'Hy) sin® ¢ (A.23)

has a maximum at ¢ = 0; symmetry of H produced the factor 2 in its middle term. Thus 0 = g’(0) = 2v"Hu.
Rescaling shows the same orthogonality for every vector in span{u }*. The vector Hu — Au is also orthogonal
to u, since u" (Hu — Au) = A — A = 0. It is orthogonal to the entire perpendicular subspace as well, so it is
orthogonal to every vector in R and must be zero. Consequently Hu = Au.

Next, the perpendicular subspace is invariant under H. If z'u = 0, then

u'Hz = (Hu)'z = Au"z = 0. (A.24)

The equality using symmetry is essential. Thus H maps span{u }* back into itself.

Now argue by induction on d. The result for d = 1 is immediate. For d > 1, choose an orthonormal basis
matrix Q € R?*(@-1) for the perpendicular subspace. The restriction of H to it is represented by B = Q"HQ,
which is a real symmetric (d—1) X (d—1) matrix. By induction, B has an orthonormal eigenbasis ¢, ..., cg4—1.
Invariance gives HQ = QB: each column of HQ lies in the column space of Q, so its orthonormal coordinates
are the corresponding column of Q"HQ. Therefore, if Bc; = pjcj, then H(Qc;) = OBc; = u;Qcj. The
vectors Qc; are orthonormal because Q'Q = 1, and they are all perpendicular to u. Together with u they
form the required orthonormal eigenbasis.

Put those eigenvectors in the columns of W. Their eigenvector equations say HW = WA. Since W is
orthogonal, multiplying by W' gives H = WAW'. =
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The only analysis facts used in this proof are that a continuous function on a compact sphere attains a
maximum, and that a differentiable scalar function has zero derivative at an interior maximum. The rest is
finite-dimensional linear algebra.

Proposition 14 (Positivity and Gram matrices). A real symmetric matrix is positive definite exactly when all
its eigenvalues are positive, and positive semidefinite exactly when all are nonnegative. For any B € R"™*"
BB is symmetric positive semidefinite. It is positive definite exactly when B has independent columns.

>

Proof. Write the spectral decomposition H = WAWT and set ¢ = W'x. Orthogonality makes this a bijective

change of coordinates and gives
d

x'Hx =c'Ac= ) Ajci. (A.25)
j=1
If all eigenvalues are positive, this sum is positive for every nonzero vector. If all are nonnegative, it is
nonnegative. Conversely, evaluating on each unit eigenvector gives precisely A ;, proving the necessary signs
in both cases.
The transpose rule shows (B"B)" = B'B, and x"B"Bx = ||Bx||§ > 0. This is strictly positive for every
nonzero x exactly when Bx = 0 has no nonzero solution, equivalently when its columns are independent. =

A.5 Singular values and the SVD

Singular values apply to every real matrix, including rectangular and rank-deficient matrices. They are
nonnegative and describe stretching between orthonormal input and output coordinates. The next construction
explains why an SVD always exists.

( N
Theorem 15 (Existence and structure of a singular value decomposition). Let A € R™*" let g =
min(m, n), and let » = rank(A). There are orthogonal matrices U, V such that

A=UZV', UeR™™ ¥ecR™" VR (A.26)

The matrix X has zeros off its main diagonal and entries oy > - - - > 0, > 0 on that diagonal. Exactly r
of these entries are positive. If #; and v ; denote columns of U and V, then

Avjzo'juj, ATujszjvj (I<j<r). (A.27)

The first ¥ columns of U form a basis of Col(A); the first 7 columns of V form a basis of Row(A). The
remaining columns of V form a basis of Null(A), and the remaining columns of U form a basis of
Null(AT).

. J

Proof. By the spectral theorem, the symmetric positive semidefinite n X n matrix AT A has an orthonormal
eigenbasis vy, ..., v, with eigenvalues ordered as 4; > --- > 4, > 0. For any vector x,

ATAx =0 & Ax=0. (A.28)

The reverse implication is immediate; the forward implication follows by multiplying on the left by x" to get
||[Ax ||% = 0. Thus the two matrices have the same nullspace. By rank—nullity this nullspace has dimension

n —r, so exactly r eigenvalues of ATA are positive. Relabel them first, and set oj = \/Z >0forl1 <j<r.
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For those positive eigenvalues, define u; = Av;/o; € R™. Their inner products are

vIATAv;  Av]y; 1, i=j,
_ i J 1141:{ 1=] (A.29)

ujuj= = .

00 00 0, i+#j.
They are therefore orthonormal, so in particular » < m. For j > r,1; = 0 and ||Av j||§ = v}ATAvj = 0; hence
AV]' =0.

Extend uq, ..., u, to an orthonormal basis 1, ..., u, of R™. Let U contain these columns and let V
contain the eigenvectors above. Form the m X n matrix X with its first » diagonal entries o, ..., 0, and all
other entries zero. Column by column, the equations already proved say AV = UX. Multiplying by V' gives
the full SVD. Its remaining g — r diagonal entries are defined to be zero.

The first  columns of U belong to Col(A). Conversely, expand any input as x = Z?:] c;v;. Then
Ax = Z;: | €jojuj, so they span that column space. Their orthonormality makes them a basis. The same
expansion shows Ax = 0 exactly whenc; =--- = ¢, =0. Thus v,41, ..., v, form a nullspace basis. Since

the entire V basis is orthonormal, its first r columns span the perpendicular complement of the nullspace,
which is Row(A) by Theorem 13. The remaining m — r columns of U similarly span the perpendicular
complement of Col(A), namely Null(A"). Finally, for j <r, A'u; = ATAv;/oj = A;v;/oj = ojv;.

If r = 0, then A = 0 by its zero-dimensional column space. Choose any orthogonal U,V and £ = 0; all
the statements reduce to the full input and output spaces being nullspaces. =

This proof constructs the SVD through ATA to explain its existence. It is not a recommendation to form
ATA as a numerical SVD algorithm: its squared conditioning can obscure small singular values.

Full, thin, and compact forms: check every shape. The full form in (A.26) includes complete orthonormal
bases, even for directions annihilated by A. Keeping the first ¢ = min(m, n) columns of U and V gives the
thin form

A= UQZqVCI, U, eR™4 3, eR™* V, eR™. (A.30)

Here X, = diag(o7, ..., 0y). The product has shape (m x q)(g X g)(g X n) = m X n. If m < n, this drops
n — m right nullspace vectors; if m > n, it drops m — n left nullspace vectors. All their coefficients in A were
zero, so the matrix represented is unchanged.

Keeping only the r positive singular values gives the compact form

,
A=UZ2 V. =) ojuvt,
]Z::‘ ! (A31)

U, € R™", ¥, e R™, V. e R™7,

Now %, is invertible for » > 0. When r < g, the thin form retains zero singular values and the compact form
discards them. Terminology varies between texts and software, so checking the shapes is more informative
than relying on the name alone.

For a concrete rectangular example,

A=(g 8 8):((1)) (3)(1 0 9) (A32)
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is already a SVD with rank 1. A full SVD uses U = 1,,V = 13, and £ = A. The thin form uses

10

30

U, = 1, 2q=(0 o)’ v,=l0 1|, g=2. (A.33)
0 0

The compact form keeps only the first columns and X, = (3). The map preserves one input direction, scaled
by 3, and annihilates the other two. Its attainable outputs lie on the first coordinate axis of R.

Proposition 15 (Norms and conditioning from singular values). For a rank-r matrix with singular values as
above,

q
Al =o1.  1AIR= )02 Al < [lAllr < VF AL (A34)
j=1
If A is square, it is invertible exactly when o, > 0. For such a matrix,
_ 1 _ a1
A7 2= —.  ka(A) = AlIAT 2 = —. (A.35)
O-n n

Proof. Forr > 0, express a unit input in the orthonormal V basis as x = Z;?: 1 €V, where 27:1 c? = 1. Then

;= oy (A.36)

r n

||Ax||§ = Z a’}ci < 0'12
J=1 J=1
Equality holds for x = vy, proving the induced norm formula. Left multiplication by an orthogonal matrix
preserves the Euclidean length of each column and hence preserves the Frobenius norm, whose square is the
sum of squared column lengths. Right multiplication preserves it as well: transpose the product and apply the
same column argument to its rows. Therefore ||A||r = ||Z||g, which proves the sum-of-squares formula. That
sum lies between (712 and ro-lz, giving the inequalities. If r = 0, all singular values and all three norms in these

claims are zero, so the conclusions remain valid.

For square A, full rank is equivalent to every singular value being positive, by Theorem 15. In that case
A~! = v2~1U", as multiplication in either order verifies. Reversing the preceding stretching argument shows
that its largest factor is 1/0,, attained on u,,. Multiplying the two norm formulas proves the condition-number

identity. =

The eigenvalues of ATA are the squared positive singular values together with zeros, for a total of n
eigenvalues. If n > ¢, the last n — g are additional zeros beyond the g entries recorded on the rectangular
diagonal of X. Singular values are not generally the eigenvalues of A: even the 1 X 1 matrix A = (-2) has
eigenvalue —2 and singular value 2.

For a symmetric matrix H = WAWT, its singular values are the absolute values of its eigenvalues. Indeed,
H'H = H> = WA?WT, and the singular values are the nonnegative square roots of its eigenvalues. Reordering,
if needed, places these absolute values in decreasing order.

A.6 The pseudoinverse ingredients in these coordinates

The SVD shows exactly which directions can be reversed. For r > 0, reverse each positive stretching factor
and interchange the input and output singular vectors:

,
. 1
AT =V, 27U = Z ;jvju} e R™™, (A37)
=
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This is the Moore—Penrose pseudoinverse studied in the main text. Its shape is (n X r)(r X r)(r X m) = n X m,
so it takes data in R back to an input in R”. If A = 0, the sum is empty and A* = 0.

Multiplication using U U, = V!V, = 1, gives AA* = U,U; and A*A = V,V]. By the projection
theorem, these are the orthogonal projections onto the column space and row space respectively. They are
symmetric, and applying them to the corresponding factors leaves those factors fixed, so AA*A = A and
A*AA* = A*. These computations verify the four defining pseudoinverse identities directly; the main text
proves the uniqueness and minimum-norm least-squares characterization in detail.

For the rectangular example above, A*b = (b;/3,0,0)". The unattainable component b, remains in the
residual, while the two invisible input coordinates are set to zero. Any nonzero choices for those coordinates
would leave the fit unchanged and increase the squared solution norm.
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