




















































































UniversalGate sets

We want to use a set of elementary gates to execute arbitrary
unitaries on n

qubits.Relevant

whenwewantthesettobefini

wecanallowforsome error devial
in the implementation

ApproximateTwo versions

ExactRequires
uncoutably infinite ofgates

in the set

a Exact case NOT allsingle qubit gatesareuniversal This

setisnotfinite

Recalltherotationgates

RXleftthetarighteifractheta2Xcosleftfractheta2rightetaisinleftfractheta2rightX
Ryleftthetarighteifractheta2ycosleftfractheta2rightDeltaisinleftfractheta2righty
Rtleftthetarighteifractheta2tcosleftfractheta2right1isinleftfractheta2rightz
Xleftbeginmatrix0110endmatrixrightYleftbeginmatrix0ii0endmatrixrighttleftbeginmatrix1001endmatrixright

Observe

Ryleftthetarightleftbeginmatrixcosleftfractheta2right00cosleftfractheta2rightendmatrixrightileftbeginmatrix0isinleftfractheta2rightisinleftfractheta2right0endmatrixrightleftbeginmatrixcosleftfractheta2rightsinleftfractheta2rightsinleftfractheta2rightcosleftfractheta2rightendmatrixright























































































Rzleftthetarightleftbeginmatrixcosleftfractheta2right00cosleftfractheta2rightendmatrixrightileftbeginmatrixsinleftfractheta2right00sinleftfractheta2rightendmatrixright
leftbeginmatrixcosleftfractheta2rightisinleftfractheta2right00cosleftfractheta2rightisinleftfractheta2rightendmatrixright

leftbeginmatrixeifractheta200eifractheta2endmatrixright
Soeverysinglequbitgatecanbedecomposed into rotationgates

URzleftalpharightRyleftthetarightRzleftbetaright for appropriateangles dp0

eivarphicosleftvarphirightisinleftvarphiright

b Approximatecase Arises whenthe ofgates in thesetis finite

Ba the set of unitaries is uncountably infinite while thesetofsequences

ofgates from afinitesetwill becountably infinite

Theorem Cliffordgates onesinglequbitnonCliffordgate is universal

gate Tleftbeginmatrix100eipi4endmatrixright
RecallPaulioperators on nqubits PnleftIXYZrightotimesnrightarrowPIotimesXotimesYotimesXotimesZ

4n
Let PnPnleftIthetanright excludetheidentity gate























































































modoutglobalphaseDefine the nqubit Cliffordgroup as

TnleftUPinpmPnRightarrowUPUinpmPnrightU 11 TransformsPaulistoPaulis

uptosignHfrac1sqrt2leftbeginmatrix1111endmatrixrightrightarrowHXHZHtHX
Theorem taunlangleHiSi and Tijijin 1,2 n 447

HS NOTare generators oftheClifford group
Takeall pensible products of H SCNOT andignoreglobal
phase

Corollary HSCNOT t is universal H CNOTT is universal
S T

2Noise andErrors inQuantumcomputing

In quantum computingwe careabout precisecontrol of qubits butthey
they inevitably interactwiththeirenvironment This evolutionis

unitary.Gidealcase 10 Glo

Unitary

gate.gatenoisereality quantum
channelWlevelto

System.U
eEnvironment























































































decoherencereality

Origin maximallymixed
state

2
Qubitstatedrifts

overtime

a Anyunwantedgateappliedtothequbitcanbethoughtofasnoise

Example Bitflip Pauli Xgate Xleftbeginmatrix0110endmatrixright
X0rangle1rangle I left1rangleright0rangle opposite endsofthe Blochsphere

psiranglealpha1ranglebeta1ranglerightarrowXpsiranglealpha1ranglebeta1rangle
measurement probabilities

getflipped

Example Rotations Rx101Ryd Rtd

Recallteleportation The statebefore Bob's correction is precisely a noisy
versionofthe true state Alice wantsto send

b Differentgates canalsobeappliedrandomly tothestate

Example Apply with probability α donothing with probability 1 2








































































If thequbitstate isgivenby a density operatorp thenafterthe
noise it is

left1alpharightpalphaXpX Bit flipchannel

Apply theXgatewithprobabilityα.Donothing

withprobability
1 2

rho

left0rightrangleleft0rightleftbeginmatrix1000endmatrixrightleft1alpharightleftbeginmatrix1000endmatrixrightalphaXleft0rightleft0Xleftbeginmatrix1alpha000endmatrixrightleftbeginmatrix000alphaendmatrixrightright11left11right
If we measuredthe initial noiseless
State then we wouldgetthe outcome
O with probability I afternoise

the state belomes mixed withprobability 1 α weget o
andwithprobability α weget l

leftbeginmatrix1alpha00alphaendmatrixright
left1alpharightleft0rightrangleleftlangle0leftalpharight1rightrangleleftlangle1right

So α quantifies the amountofnoise alpha0 nenoise
alphafrac12Rightarrowfrac12left0rightrangleleft0rightfrac12left1rightleft1right

For a generaldensity matrix recall theform rhofrac12leftetarxXryYrztright
z

Coordinatesinthe
Blocksphere

Y

X

Howdothosecoordinates transformafterthenoise

Irx ry f is k ry f



rho

left1alpharightpalphaXpXleft1alpharightfrac12leftetarxXryYrztrightalphaXfrac12leftetarxXryYrztrightX

frac12leftXDeltaXrXXXXrYXYXrZXZXrightXYYX

x2eta x2cdotxx2yx2zXYZxzzx

left1alpharightfrac12leftetarxXryYrzzrightalphafrac12leftetarxXryYrzzright

frac12left1alphaalpharightAleftleft1alpharightrXalpharXrightXleftleft1alpharightryalpharyrightyleftleft1alpharightrzalpharzleftzrightright
frac12leftetarxXleft12alpharightryYleft12alpharightrzZrightrzryrxrx

alpha1
Check If Pleft0rightrangleleft0right then rx0ry0rz1rightarrowrz0ry0rz1V

Example Phaseflip dephasing channel

P left1alpharightpalphatrhot
ApplyPauli t withprobability
α.Donothing

withprobability12

Nowhowdothecoordinates transform

rhofrac12leftfracetarxXryYrztright1rightarrowrhofrac12leftfracetarxXryyrzzright
rxleft12alpharightrxryleft12alpharightryrzrz



Forthischannel it is useful toseethe transformation inthe
standard basis

ainleft11rightcinmathbbCbetaleftbeginmatrixacfracc1aendmatrixright1left1alpharightpalphazptleft1alpharight leftbeginmatrixacoverlinec1aendmatrixrightalphaleftbeginmatrix1001endmatrixrightleftbeginmatrixacfracc1aendmatrixrightleftbeginmatrix1001endmatrixright

leftbeginmatrixacoverlinecleft1arightendmatrixright

left1alpharightleftbeginmatrixactau1aendmatrixrightalphaleftbeginmatrixactauleft1arightendmatrixrightleftbeginmatrix1001endmatrixrightleftbeginmatrixacoverlinec1aendmatrixrightleft1alpharightleftbeginmatrixacoverlinec1aendmatrixrightalphaleftbeginmatrixacoverlinec1aendmatrixrightleftbeginmatrixaleft12alpharightcleft12alpharightoverlinec1aendmatrixright

alpha0 no noise

alphafrac12 maxnoise

Off diagonal terms are suppressed

Foralphafrac12 theoffdiagonaltermsvanish superposition is gone

Example Depolarizing channel rhorightarrowleft1alpharightrhoftp.xtfypytjtptWith
prob I α donothing

withprob α apply a Pauli
operatoruniformly at random

Forαnicefrac34 frac14rhofrac14XpXfrac14YpYfrac14ZpZTrleftprightfracy2 Assignment

1

Usingthis wecanwritethe depolarizingchannel inan alternativeway



frac14rhofrac14XpXfrac14YpYfrac14ZpzTrleftprightfracy2RightarrowXpXYpYZpz4Trleftprightfracn2rho
RightarrowrhoHleft1alpharightrhofracalpha3left4pirleftrhorightfracpi2rhoright

left1alpharightrhofrac4alpha3Trleftprightfracy2fracalpha3rho
left1alphafracalpha3rightrhofrac4alpha3Trleftrhorightfraceta2
left1frac4alpha3rightrhofrac4alpha3TrleftrhorightfracH2 all ornothing

all
State

nothing

allinformation
aboutstateis

lost

perfectly

intact

beta1frac4alpha3rho1rightarrowbetacdotrholeft1betarightfraceta2


