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Estimating Xu 4 where a is a unitaryand14 is a statevector
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Inbothcaseswehave Prleft0rightfrac12left1alpharight Prl 1frac12left1alpharight where alpha is
unknown To estimate alpha we do thefollowing procedure

For i 1,2 NNequivofsamples oftimeswerunthequantumcircuit
Eachtimewe get outcome O record xi1 Thisdefines arandom

variable X

p rleftxpm1rightfrac12left1pmalpharight

Eachtimewe get outcome I record xi 1

Do this N times thentakethesample
mean average hatxNfrac1Nsum_i1Nxi Sample

meanThisdefines a randomvariable hatXNfrac1Nsum_i1NXicdothatXN isan unbiasedestimatorofX

ElefthatXNrightfrac1Nsum_i1NIEleftXirightfrac1Nsum_i1NIEleftXrightIEleftXright
EleftXrightforallibk allsamplesareindependentand
identical.Truemean



I

IEleftXrightleft1rightcdotPrleftX1rightleft1rightcdotPrleftX1rightfrac12left1alpharightfrac12left1alpharightalpha
lawof large numbersAS NrightarrowinftyhatXNrightarrowEleftxrightalpha

So the sample average approachesthe true unknown valueof alpha

Motivation Expectationvalues

Whydo wecareaboutquantities of theform 41414

Bc they canbe used to compute expectationvalues of observables

Observable Any Hermitian operator recall MHermitian MM

Factfrom linearalgebra Every Hermitian operatorcanbe diagonalized

Msum_i1dlambdaileftvirightranglelanglevi where lambdai eigenvalues realnumbers Zleftbeginmatrix1001endmatrixright
left0rightrangleleftlangle0leftright1rightranglelangle1

dsumleftvirightrangleleftviright1i1
Virangle orthonormal eigenvectors

Axiomofquantummechanics every physical quantity corresponds to

a Hermitian operator e.g positionmomentum energy

Theeigenvalues are the possiblevalues of the quantity

Wegetthevalue of the quantity throughmeasurement

Foran observableHermitianoperator M the corresponding measurement

isgivenby the eigenvectors Wikrill is thePorm

For a statep the probability that it has value di is



leftlanglevirhovirightranglePrleftirightTrleftleftvirightrangleleftvirightpright Bornrule

The expectedvalue of the observable is

leftlangleMrightranglerhosum_i1nlambdaiPrleftirightsum_i1nlambdaiTrleftleftVirightranglelangleviprightTrleftleftsum_i1nlambdaileftViranglelanglevirightrightprightTrleftMrhoright
M

Definition

ofexpectationvalue

If we don't knowthe eigenvectors b cthey arehardtogetforlargematriles

butwe know that M can be written as

Msum_j1hcjuj I then leftlangleMrightrangleTrleftMleftYrightrangleleftlangleYrightright

sum_j1hcjTrleftUjxrightleftyrightunitaries

sum_i1hcjleftlanglexleftUjrightxrightrangle
Estimate using

Hadamardtest

Soweestimateeach termindividuallyusing theHadamardtest
andthen add togetan overall estimate ofthe expectation
value



Quantum FourierTransform

a Recap discrete Fouriertransform DFT

Used in a lotof places
Signal processing identifying frequency componentsof a signal
audioandvideo processing

Machine learning featureextraction

Scientific computing solving differentialequations numerically

Definition for a signal leftxkrightk0N1 its DFT is

ykfrac1sqrtNsum_k0N1xkefrac2piihkNe2piixcosleft2pixrighti sin12Ileftxright
Example consider a signal of the sine wavesputtogether

xlefttrightsinleft2pif1trightfrac12s i
backslash

n12nFt

frequencies

f 5Mt
fl15Hz

Sampling rate fs 100Ht 101samples total in 1sec

5frac119



b TheQuantumversion QuantumFourierTransform QFT

actionon basis

vectors
ykfrac1sqrtNsum_k0N1xkefrac2piihkN Qleftkrightfrac1sqrtdsum_h1d1e

2a
d
ikkleftkright

OFTmatrix

psiranglesum_h0d1xkkrangleRightarrowQleftpsirightsum_h0d1xkQkranglesum_h0d1xkfrac1sqrtdsum_h0d1e
2n
d
ith
hrangle

sum_h0d1leftfrac1sqrtdsum_h0d1khefrac2piikhdrighthranglepsisimrangle
equivyh

d2n
The QFTmatrix is unitary Let wefrac2piidoverlinewefrac2piidw1

cosleftfrac1pidrightisinleftfrac2pidrightUfrac1sqrtdsum_hh0d1whhlefthrightrangleleftlanglehright
wefrac2piiacosleftfrac2piarightisinleftfrac2piarightoverlinewcosleftfrac2pidrightisinleftfrac2pidrightefrac2piidw1QUleftfrac1sqrtdsum_hh0d1whkleftkrightleftlanglehrightrightleftfrac1sqrtdsum_jj0d1wjjleftjranglelanglejrightright

frac1dsum_hh0d1sum_ij0d1wkhwijhlefthjrightlanglejdeltajh

frac1dsum_hh0d1sum_i0d1whhwjhlefthranglelanglejrightsum_hj0d1leftfrac1dsum_h0d1whleftkjrightrightlefthrightrangleleftlanglejright
delta



jkfrac1dsum_h0d1efrac2hslashidklefthjrightequivx
pi 2pi

It x0rightarrowfrac1dsum_h0d1left1right1
It xneq0rightarrowfrac1dsum_h0d1whk leftwxrightkleftW71rightdefrac2piindcdotde2piixcosleft2pixrightisinleft2pixright

0forallx11forallx
1

wid e2piikomegaefrac2piidfrac1dsum_k0d1leftwxrighthfrac1dleftfrac1leftwxrightd1wright0
we
2n
d

inFinite
geometric

Series

sum_h0d1rhfrac1rd1r
So frac1dsum_h0d1whlefthjrightdeltaih0deltajh

Qpsisum_hj0d1leftfrac1dsum_h0d1whleftkjrightrightlefthrightrangleleftjrighteta
deltahj

Similarly Utd 1

psifrac1sqrtdleftbeginmatrix111ldots11ww2ldotswd11w2w4ldotsw2leftd1rightvdotsvdots1wd1w2leftd1rightldotswleftd1right2endmatrixright



Note for d2 wefrac2pii2epii1Rightarrowvarphifrac1sqrt2leftbeginmatrix111wendmatrixrightfrac1sqrt2leftbeginmatrix1111endmatrixright Hadamard

Let d2n omegaefrac2pii2n Whatis a circuitrepresentationofQFT

Use the binary representation of 012ldots2n1
0 000

1 001

20010
3 011

4 100

54 101

6 110

7rightarrow111

eg n 3

inleft111ldotsHrightkrightarrowleftk1k2k3righthh1cdot4h2cdot2h3cdot1
In general ksum_l1n2n1kl

Qleftjrightfrac1sqrt2nsum_k02n1efrac2piijk2nkrangle

RightarrowQj1j2ldotsjnranglefrac1sqrt2nsum_h1h1ldotsknleft11rightefrac2pi2nleftk42n1k22n2ldotsknrightk1k2ldotshnranglefrac1sqrt2nsum_k1inleft11rightsum_h2inleft11rightldotssum_kninleft11rightefrac2pii2njk12n1efrac2pii2njk22n2ldotsefrac2pii2njknlefth1h2ldotsknrightrangleleftfrac1sqrt2sum_k1leftl1rightefrac2pii2njh12n1k1ranglerightleftfrac1sqrt2sum_k1left01rightefrac2pii2njk22n2k2ranglerightldotsleftfrac1sqrt2sum_kninleftl1rightefrac2pii2njhnknrightrangleleftfrac1sqrt2sum_h1inleft11righte2piik1fracj2k1ranglerightleftfrac1sqrt2sum_k2leftrightl1righte2piik2fracj22k2rangleldotsleftfrac1sqrt2sum_kninleftl1righte2piihnfracj2nknrangleright



Consider n3 Kj1j2j3rangleleftfrac1sqrt2sum_h1left01righte2fracnih1fracj2k1ranglerightleftfrac1sqrt2sum_h2left11righte2piih2fracj22h2ranglerightleftfrac1sqrt2sum_h3left11righte2piik3fracj23k3rangleright

j4j12j2j3Rightarrowfracj22j1j2fracj32fracj22fracj4j1fracj22fracj34fracj23fracj8fracj12fracj14fracj38

Rightarrowe2piih1fracj2e2piih1left2j1righte2piik1j2e2piih1fracj32epiih1j3left1righth1j311
e2piik1fracj4e2piik2j1e2piik2leftfracj22righte2piik2leftfracj34right

1 left1rightkLjL efrac2pii4k2j3

e
Lailly

fracj8fracfrac2pii2k3j1left1righth3j1efrac2piiyh3j2efrac2pii8h3j3
Therefore Qj I j2t

j3rangleleftfrac1sqrt2sum_h1left01rightleft1righth1j3h1ranglerightleftfrac1sqrt2sum_h2leftright11rightleftfrac1sqrt2sum_h311rightleft1right hi

h

i

L

l
beginmatrixj3eendmatrix

imbeginmatrixh2rangleiyh3j2efrac2pii8h3j3k3rangleendmatrix

frac1sqrt23sum_h1l7h3inleftllright1 I k1j3left1rightk2j2left1rightk3j1efrac2pii4k2j3efrac2pii4k3j2efrac2pii8h1j3leftk1k2k3right

Rzleftthetarighteifracsigma2zleftbeginmatrix100eifractheta2endmatrixrightR2leftbeginmatrix100efrac2pii4endmatrixrightefracpii2i

overrightharpoonQj3j2j1rangle
Define the rotationgate Rkleftbeginmatrix100efrac2pii2kendmatrixright

R3 HR2153

j2
j1rangle

HRL leftbeginmatrix100iendmatrixright
H

Qsim



So Qlinjing rangleoverrightharpoonaj3j1j1rangle Is ji juj

Permutationofthequbits

In general I is givenbythe following circuit

R2 Hjhrangle
jn1rangle

vdots

j4rangle

jjrangle
j2rangle

Iii

Rn1Rn

R3R4
HR3 R2

HR2

H


