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The quantity 11414712 quantifiesthe closenessof14 and 14 it is
called the fidelity of 14 and 147 leftMkrightxMxgeq0sum_xMx4

Observe that 514141 D leftphirangleleftlanglephirightright is a measurement pom

Check Lula1k41vrangle Kula1 12geq0

Also from the Cauchy Schwartinequality leftleftlanglev4rightrangleright2leqleftlanglevvrightranglecdotleftlanglephi4rightrangle

1leftlanglevvrightranglevrangle2
Therefore leftlanglevleft14rightrangleleftlanglephirightvrightrangleleftlanglevvrightrangleleftleftlanglevphirightrangleright2geqdV
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Finally 14741 1 14rangleleftlangledright1

Se left4rightleft4right 1 14141 satisfies thedefinitionof a quantum
measurement Porm



14141 1 14141 is a measurement that tellsus whether ornot a
given state is equal to 141141

It has two outcomes bc thesethas two operators

14141 yes the state is 14141

D 14141 no the state is not 14141
BornRule leftmxrightPoum
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1

Prno 41Prleft4right0

It varphileftpsiranglelanglepsiright then PrleftphirightTrleftleftqrightranglelefttpsirightleftxrightrightleftleftlangleqxrightrangleright2 fidelity

Sotheswaptestallows us todo the measurement leftphirightrangleleftlanglefright 1 1c11141

andestimate the fidelity withouteven knowing what14 is

Statistical Estimationfroma Quantum computer

When we run a quantumalgorithm anddothe measurementattheend
the outcomes will generally be probabilistic

Toextract the relevantinformation we have to run thealgorithmmany
times



a From the swap test weknow that Prleft1rightfrac12left1alpharight alphaleftleftlangle44rightrangleright2
Prleft1rightfrac12left1alpharight

Running thismanytimeswillgive us a bunchof O'sand I's

Howdoweuse the O'sand I s to estimate α

lb Procedure For i12ldotsN Nequivnumberofsamples
Eachtimewe get outcome O record xi I Thisdefines a random

variable X

p rleftxpm1rightfrac12left1pmalpharight

Eachtimewe get outcome I record11 1

Do this N times thentakethe sample
mean average hatxNfrac1Nsum_i1Nxi
Thisdefines a randomvariable hatXNfrac1Nsum_i1NXicdothatXN isan unbiasedestimatorofX

ElefthatXNrightfrac1Nsum_i1NIEleftXirightfrac1Nsum_i1NIEleftXrightIEleftXright
Eleftxright ti bc allsamplesare
independentandidentical

IEleftXrightleft1rightcdotPrleftX1rightleft1rightcdotPrleftX1rightfrac12left1alpharightfrac12left1alpharightalpha
As NrightarrowinftyhatXNrightarrowEleftXrightleftleftlangleYphirightrangleright2 lawof large numbers

So the sample average approachesthe true unknown valueof alpha



HadamardTest Estimating Xu 4 where a is a unitaryandin1 is a state
vector
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Thensame procedureasabovetoestimateα
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For the imaginary part includethe 5gate
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