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What is thecomplexity of a computation oralgorithm

We usually quantify this in termsoftime spacerource

Specifically Howdothe timeandspace requirements scaleas a function

ofthe sizeof the input

time number ofbasic operations in agivencomputing architecture

The exact requirementscouldstronglydependonthephysicalarchitecture
That is why wejustlook at how the complexityscales
ie we ignore constants fin andput

laBi netation

flnl 0glal or finito gn if there exists constants c Nsuchthat

If a clgall nsN

Exampten 15in m 1000dm n it 01h4

0111 constant 0 login logarithmic

O n linear O log n k polylogarithmic

01m quadratic

0nh polynomial

0 c so exponential
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flu algal or finer gn if there exists constants c N suchthat

Ifall clgall ns N

f n 0gin or finle 1ga if flnl 0gn and f n algal

or f n 0gin andgn 0flat

Essentiallyup to constants f andg are thesame asymptotically

Exampten find 5m 2m 7 girl m

b Another abstraction is to reason in termsofTuringmachines
butwe will notgetintothis

c BasiccomplexityClasses All definitions informal

A these
defining b've i

problems in Wh

moregenerally promiseprobleme

Let Ayes e1 tall finitebitstrings Ano son

AyesaAno 0 the yes and no sett aredisjoint
Problemin given ktAyesUAne thisisthepromise

determine if atAyes or Keane
e.g Ayes NeZ.si N is composite
Are NE21 Nis prime

P problems Solvable deterministically in

polynomial time
Theseare often referredto as efficient andor easy problems























































































BPP problems solvable probabilistically in

polynomial time correct oneveryinputwith

probability

PSPACE problems solvable deterministically using polynomial space

space memory

EXPTIME problems Solvable deterministically in exponentialtime

NP problems solvable Leeterministically in polynomialtime

This refersto a non deterministic

Turingmachine notthesame as
probabilisticTuringmachine

Equivalently problems verifiable
femininity

in

polynomialtime
If verificationisprobabilisticthen

Examplein wegettheclassMA Merleau

Eating we canefficiently multiply two

proposedfactors toverifythatthey are indeed
factors

iiiiifiiiii i
Ic Notx x ̅ negation 71 0 0 1

any land
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OV I V1 1

A propositional logic formula

a v x2 x x v14V3 x x

14 f7422
0 0 0 0

0 0 I 0

0 I 0 0

O I I 0

1 0 0 0

1 0 1 0

1 1 0

l l l

Given a formula is it satisfiables doesthere

ffffassignment ofvariablessuch that theformula
evaluates to 1

There is no known poly time algorithmforSAT in the
worstcase manyefficientsolvers canefficientlysolve

large Structured instances ofSATthatarise in practical
applications

TheSAT problem is templete IISATENP 2SAT is NPhard

If a problemPis Xhard forsome complexity classX it meansthat
every problem in can bereduceden to P in polynomialtime
i.e a solutiontoPcanbeusedas a subroutine toefficiently
solvethegiven problem























































































In other words P canbeusedtosolveanyprobleminX

Not P itselfmight notbe aneasy problem But it as leastas
hard as any problem in X

P is x complete means that P is a representativeofthe
hardest problems in X

IIitidigitatihieithighthIIIII
Quantumcomplexityasses

Wedefine decisionpromise problems as before

la BOI efficient easy for quantum computers Bounded ErrorQuantum

polynomialtime
Moreformally problems solvablein polynomialtimeon a quantumcomputer
correcton every inputwithprobability43

Basically a quantumversionofBPP

Note BAP PSPACE

Not P BQP all classical computations canbeperformedon agcomputer

Note Factoring BOP Butwe don'tknowif factoringEP

we don't know if BQP isstrictly largerthanP

Wehavesome Iseparatios e.g Deutsch Jozsa Simon's

Other problems that coulddemonstrate a separation
Samplingfrom randomquantum circuits e.g BesenSampling

Simulating theevolutionofhighlyentangling dynamics
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Herealsothere arenot rigorous proofs ofclassical hardness

Oracleseparations are not ideal b c theycan beused to prove
seeminglyodd results

e.g there are oracles withrespect towhich we have both P NP

and P NP

16ProfthatPEBAP Make any classicalcomputation even a nonlinearone
reversible

Take a computation KH f x The Booleanfunction f mightnotbereversible

e.g fly al x all is not reversible

Make it reversible by adding extra bits and keepingtrackofthe input

x y is k yetal This transformation is reversible

Letglay x yoffal Then g x yofbat 11 yetbitoflas x y
Sog is invertible and the inverse is itself

Making the circuit reversible incursonlypolynomialoverhead

Nov1973



The functiongcanbeimplemented efficientlyusing Iligate only

Iae the CCNOTgate
y

x Y Z 71 y t z 0 any oz
0 0 0 0 0 0

0 0 I 0 0 1 Toffoli canbe used to simulate
0 I 0 0 I 0 theuniversalgate set ANDORNOT in
0 1 I 0 I 1 a reversible way
I 0 0 1 0 0 1 I
1 0 1 1 0 1 1 1

I 1 1 0

Notgate

l l l l l 0

The NANDgatealone y y ANDgate
is universal 0 0 any
NAND ay sexy ForORgate use try tea y
x 71

y
1 0 Denya tiny

The map a ly bellyoflat is unitary sowecan inprinciple implement
it on a quantum computer
In particular Toffoli hasthisformso itcanbeimplementedas a unitary

Transform thegiven irreversible Booleancircuitto a reversible one withextra
bits and Toffoligates then replace all Toffoli gates with itsquantumversion



b AMA QuantumMerlin Arthur QuantumversionofNPMA

Recall NP problems verifiable deterministically in polynomialtime

If verificationisprobabilisticthenwegettheclassMafferlin Aythur
Prover Merlin is unboundedallpowerful

Alphiled AeriffledTheverifier Arthur is computationally
bounded cando polytime computations
Theprovercan provide anywitness
to theverifierto envincethemthat agivenproblem instanceistrue
Apromise problem A AyesAnd is in MA if there is apolytime
verifiersuchthat

Ieee atAyes tfepelyl.la s.t.fr verifcceptew
Thisisthewitness Grifterinitiated that

Soundness keAne wepelyball Prverifieracceptsisw

Example factoring Ayes NeZ.si N is composite
Are NE21 Nis prime

An instance ktAyesUAne is any Ne241
A witness would besome other wells that should be a
non trivial factorofN buttheverifier can efficientlycheck this

InOMA the prover andverifier are quantum andtheprovercan
send a quantum state Verifiercando pe.ly timequantumcircuits



Emeteness seeAyn ftaye 48pely1hds.tPr Va 1 1 187 1

SadnessKean 1 E 4290411 PrVaMi olé 1

The canonical QMA complete problem k

localHamiltonianproblemkBasically.aquantum versionof theSATproblem

Gen a Hamiltonian H H actingon nqubits

1 147 4 7 a Hermitian operator describing the energyof a

many body system
EachHi acts on atmost k qubits and IHillo 1 k is a constant

Alsogiven a bEIRS.t a b Ypolyla
a

Probleman A AyesAnd a a

Ayes 1Ha b AminH a

An H a b AminH b

Tsmallest
eigenvalueofH ground state

energy



Summary

https://arxiv.org/abs/2101.08448


