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iff.tl anaionfsent ssons andwewantto identital
Tearch for a marked item an item such that f 1 1

Grover's algorithmmakesuseof ORN queries to the phase Oracle

Zf is 1 if t tis and finds a marked elementwithhighprobability

Is Orn the best wecando YES

Zfe
1 if x ̅ isnotmarked

tallrooffoptimaitysetup be if x ̅ ismarked

Consider exactly
amarkedelementff

11 The phaseoracle forthis
is

Zf t 1 21 221 forsimplicity it canberelaxed
supposethemarkedelementis uniformly random also an assumptionfor

simplicity which canberelaxed

Considerthemostgeneralalgorithmthatuses theoracle ktimes including
algorithms with additionalqubits

Yuits

u u an

nqubite E E

iiiis
Initial state is 14 overall qubits
FinalState before measurement 1 7 Un Un Zell2 1407 with racle



Considerthesimpler problemoffiguringoutwhetherthereis a marked
elementat all ornot Alower boundonthisimplies a lowerbound onactually
findingthemarked element

Emally there are two versionsofthe unstructured searchproblem

I The searchversion find a marked element or concludethat a
marketelement doesnot exist Qsearch is thequery complexity

2 Thedecisionversion decide whether la flat o Fx b There

exists suchthat flat 1 Qdecision is the query complexity
Note Here wedonot have tofind a markedelement

Observin searth decision anyalgorithmsolvingthesearchproblem
is a valid algorithm forsolving the decisionproblem

Therefore decision Qsearch Odecision is a lower bound onQsearch

Grover'salgorithmgives an upperboundon Qsearch Isearon OWN

decision Qsearch ORN

Ourgoal is to show that Qdecision INI tosucceed w high
probability

No markedelement Zf D Final state is 14h Un UU140

Howwell can wedistinguish bw 1 and en as a functionof h
and N2ⁿ What h do weneed totdistinguishthem with high
probability

onemarkedwith
no

element mail.int



Anguishabilitytnistii.QuantumstateDiscrimina.la quantumhypothesis
testing

Giventwo States PoP with probabilities 80,91

Taffy meonegivesyou one of these twoStates butdoesn'ttellyou

Goal Do a measurement on the state and makethe correctguess
with the highest possible probability

talleefunction success probability

The measurement is describedby a twooutcome Porm MeM

MoM 70 IPSP and MotM D

Success means that the correct guess is made

Strategy If measurement outtome is O guessPo

It measurement outcome is I guessp

Prsuccess
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1bOptimasuccessProbability Optimize over all measurements

Equivalently optimize over all two outcome Porms

Pact q 1 trlmlqopfq.fi it lq.pe qpiii
Wewillprovethis

Recall trace norm II11 is thesumof thesingularvaluesFor
a Hermitian operator singularvalues are sumof the absolute
valuesof the eigenvalues

H
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eigenvalues
to deMukul
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Lemman For Hermitian H 11H11 maxTrlMoMi H MeMSOMo M11
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projectorontopositivepartofH H Ead theseare

II projector onto negativepartofH TEg that orthogoned

Nate I I_ Nakul 1 bctheeigenvectorsformorthonormal basis



Then TrH H TrHH TrHIT

Em at E eIEncoldulEflalHltduMushtul

IE.tntuxal
Em.at flt 1 Encoldalttyealtt1

Fiftfifft EmmaEntiat eat tae

int HMM

So max TrHMoMil MoM30 MotM 1 11411

PickMe M

Nowshow the opposite inequality

Pickan arbitrary pairMoM70 MotM 1

TrHMe M TrHmo TrHM
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lint 11H11

SoTrHMoM 11H11 forall pairs meMike Motm D

MaxTrHMoMil MoMiao Metm a 1H

Combinewith max TrHMoMil MoM30 MotM A 11H11

to conclude equality Ba

corollaryan ForHermitian H Hall TrH 2may TrHm OEMEA

Proof Start with 11H11 maxTrlMoMiH MeMSOMo M11
Eliminate the variable M M DMo

M so 1 Mozo M 1

To M MilH Tr m A Mol H Itr Mott trial
me yeso 11H11 max TrH 2TrMom OEM 1

EdoesnotdependonMe bringoutsidemax

trial 2max trimon one13 B

theoremm Patt q 1 Trmlgopo q.pl it 11g.pe spilli

Proof From the corollary above
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14Remarks

Psit I always bc we can always randomly guessoneof thetwo
States

It po 14741 and p 14741 bothare pure States and also

809,4 then

iii t.tt
ffiif

it

If 147and 14 are orthogonal then 24141 0 Psuit I

OrthogonalStates canbe perfectly distinguished

Deflater 11147 14711 1141 291 147 1971

1 2419 291974
414 1 44147

Zed let Relz InletsReltt 2 2Re1147 2 I 2Relz ZE4

yaelxF1241471 72 21141471

211 1141471

it i 1 1114,1111 1141 211 1171471 tiles test
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B foptivrsamalit
theproofyfGroorithm.la
1rooffOptimlityStep1
Stateafteran arbitrary algorithmwithone marked elementwithk
calls to the phase Oracle

1457UnZoUn Zell2,1407

Analogous state withno marked element

147 Un UU1407

Howwell can wedistinguish bw 15 and147 as a functionof h
and N2ⁿ What h do weneedto distinguish them with high
probability

Optimal success probability of distinguishing these is

Pat 411intuit 1111411 tellites 14h11

Uniform average overx ̅ bc wedon'tknowwhatx ̅ is

Pitt E 4111 51 1 1111411 Egg 41114 41 11114all

RMITt.fmllltis 14111
Wewant a constantadvantage over random guessing



Eg 4114541 1111411 to do

de Entities tall

1417Un Un Zell2,1407
16 frIptimlityStep2

Observe that 1 5 Unt at for all keg 2
Uh 424,14

14ns UnYni forall kf 1,2 140 1407

Then 11145 147112 114214 7 1141711

112,1 14 1 11 b c Uu is unitaryHutrill 11107112

unitaries u
12,11 Zetai Zeldait 1h ill

1Zilki Zelda ill 112,14mi 14m ill
triangle inequalityI

A 21kt 11th 19m ill
111pA hill

1 2 exit 1 2exit
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1114 19h11 1114 1 141711 21h14mill

This holds forall he51.2

Apply theanalogous steps for 111 1 14h13112 anddo it recursively

11145 19m11 1417 14a.it2 2ke19ad1

1114k 14am112 21414271 21414ill

11145 14,711 2 killed

Eifert Elites
115 1 11 2 Kittell

Nowdo the uniformaverage overx ̅

E.it Y
14a711,1 E
gyf

Apply theCauchy Schwarz

inequality
Kalvil JUtuRHTThisdepends

Eunkilledon x ̅ 4 anti all onesrector
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Ellities 14h11 EEiffel
1 Pterythigtogether PistsEtd did

r 111 2 14711

In
not

Bc wewant a constant d i.e independentofN we have

the desired lower bound

Proving lowerboundsforquantum algorithms often involvestools
fromquantum information as we demonstrated hereby
using state discrimination hypothesis testing


