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Three Ways to Look at Mutually Unbiased Bases

Ingemar Bengtsson

Fysikum, Stockholm University, 106 91 Stockholm, Sweden

Abstract. This is a review of the problem of Mutually Unbiased Bases in finite dimensional Hilbert
spaces, real and complex. Also a geometric measure of “mubness” is introduced, and applied to
some explicit calculations in six dimensions (partly done by Bjorck and by Grassl). Although this
does not yet solve any problem, some appealing structures emerge.
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Improved simulation of stabilizer circuits
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Because of Theorem 1, we call any circuit consisting en-
tirely of CNOT, Hadamard, phase, and measurement gates a
stabilizer circuit, and any state obtainable by applying a sta-
bilizer circuit to |0)®” a stabilizer state. As a warmup to our
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A CONSTRUCTIVE APPROACH TO ZAUNER’S CONJECTURE
VIA THE STARK CONJECTURES

MARCUS APPLEBY, STEVEN T. FLAMMIA, AND GENE S. KOPP

ABSTRACT. We propose a construction of d? complex equiangular lines in C?, also known as SICs or
SIC-POVMs, which were conjectured by Zauner to exist for all d. The construction gives a putatively
complete list of SICs with Weyl-Heisenberg symmetry in all dimensions d > 3. Specifically, we
give an explicit expression for an object that we call a ghost SIC, which is constructed from the
real multiplication values of a special function and which is Galois conjugate to a SIC. The special
function, the Shintani-Faddeev modular cocycle, is more precisely a tuple of meromorphic functions
indexed by a congruence subgroup of SLo(Z). We prove that our construction gives a valid SIC in
every case assuming two conjectures: the order 1 abelian Stark conjecture for real quadratic fields and
a special value identity for the Shintani-Faddeev modular cocycle. The former allows us to prove that
the ghost and the SIC are Galois conjugate over an extension of Q(v/A) where A = (d + 1)(d — 3),
while the latter allows us to prove idempotency of the presumptive fiducial projector. We provide
computational tests of our SIC construction by cross-validating it with known solutions, particularly
the extensive work of Scott and Grassl, and by constructing four numerical examples of nonequivalent
SICs in d = 100, three of which are new. We further consider rank-r generalizations called r-SICs
given by maximal equichordal configurations of r-dimensional complex subspaces. We give similar
conditional constructions for 7-SICs for all 7, d such that r(d — r) divides (d*> — 1). Finally, we
study the structure of the field extensions conjecturally generated by the -SICs. If K is any real
quadratic field, then either every abelian Galois extension of K, or else every abelian extension for
which 2 is unramified, is generated by our construction; the former holds for a positive density of
field discriminants.
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User-Friendly Tail Bounds for Sums of Random
Matrices

Joel A. Tropp

Theorem 3 (Matrix Bernstein inequality).  Consider a sequence of n independent,
Hermitian random matrices Ay, . . ., A, € Hy. Assume that each A; satisfies

E[A]]=0 and Al < Ralmostsurely.
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