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Near-linear constructions of exact unitary 2-designs
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We give three constructions of ezact unitary 2-designs on n qubits that have the following quantum \‘ “

gate costs (number of one- and two-qubit gates): ’ ; F

e O(nlognloglogn) gates (all Clifford gates) for infinitely many n, assuming the extended
Riemann Hypothesis is true.

e O(nlognloglogn) gates (including non-Clifford gates) for all n, unconditionally. u‘ X M uf 8 l‘]
e O(nlog?nloglogn) gates (all Clifford gates) for all n, unconditionally. "
= L Ut mue?
The circuits for the first two constructions can be organized so as to perform their computation in J J
O(logn) depth; the third in O(log2 n)-depth (using the fact that efficient multiplication/convolution u‘_, HMY le
algorithms require only O(logn)-depth [33]). These results are near optimal — in Appendix E, we

show that for any unitary 2-design (exact or approximate under Definition 2 or‘SD, a high probability
set of the unitaries have size Q(n) and depth Q(logn).
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Corollary 1 (Low-depth random unitary designs). Random quantum circuits over n qubits can form F J 'I\ u“
e-approximate unitary k-designs in circuit depth j=|

o d= (’)(log (n/e) - kpoly log(k)), for 1D circuits without ancilla qubits,

e d=0O(loglog(n/e)), for all-to-all circuits with O(nlog(n/e)) ancilla qubits and k < 3.

APPROXIMATE UNITARY k-DESIGNS
FROM SHALLOW, LOW-COMMUNICATION CIRCUITS

arXiv:2407.07876
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We give a construction of an e-approximate relative k-design
; depth n

O (k(klogk + 10g@+ log(1/€))polylog(k)) . (1.3)
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Average Entropy of a Subsystem

Don N. Page*
CIAR Cosmology Program, Theoretical Physics Institute, Department of Physics, University of Alberta,
Edmonton, Alberta, Canada T6G 2J1
(Received 7 May 1993)

If a quantum system of Hilbert space dimension mn is in a random pure state, the average
entropy of a subsystem of dimension m < n is conjectured to be Sin,n = Z:':"" 1 1 m=1 5nd is
shown to be ~ Inm — £ for 1 < m < n. Thus there is less than one-half unit of mformatlon, on

average, in the smaller subsystem of a total system in a random pure state.
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Average Entropy of a Quantum Subsystem

Siddhartha Sen*

School of Mathematics, University of Dublin, Trinity College, Dublin, Ireland
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It was recently conjectured by D. Page that if a quantum system of Hilbert space dimension
nm is in a random pure state then the average entropy of a subsystem of dimension m where

m=nis S,, =", 1/k) — (m — 1)/2n. In this Letter a simple proof of this conjecture is

given. [S0031-9007(96)00569-8]

n
2

o/n e 1% (n s htd # 4 ﬂubm.

m Reayi-2 lonta bowd
S N— Pmaceumpy.

20 30




Commun. Math. Phys. 265, 95-117 (2006) Communications in
Digital Object Identifier (DOI) 10.1007/s00220-006-1535-6 Mathematical

Physics

Aspects of Generic Entanglement

Patrick Hayden!-2, Debbie W. Leung', Andreas Winter>

! Institute for Quantum Information, Caltech 107-81, Pasadena, CA 91125, USA.
E-mail: wcleung @cs.caltech.edu

2 Department of Computer Science, McGill University, Montreal, Quebec, H3A 2A7 Canada.
E-mail: patrick @cs.mcgill.ca

= Department of Mathematics, University of Bristol, Bristol BS8 1TW, United Kingdom.
E-mail: a.j.winter @bris.ac.uk

Received: 10 June 2005 / Accepted: 28 September 2005
Published online: 3 March 2006 — © Springer-Verlag 2006

Theorem II1.3 (Concentration of entropy). Let ¢ €g P(A ® B) be a random state on
AQ® B, withdg > da > 3. Then

%l’s as in Lemma I1.4 and C3 = (8721n2)~L.
_ ()
J
dn=dy =1% 2 D E(0ng) <} -tk ] ¢ 0 (__ =)

= Witk hiJh b, (a1 Ae), 0. madomt pure Sfule it macimally enteryled

(b) Now ogld noise !

oy — [ | = ]
[9) — ' — | ~—
W] N ': Uy W :

o) — A A A N I

—ld p be an inital Soke The Shte oftfer L Loyt i

o) =t o ety 0o o bkl ) ) U ) <y o]
ML ML"I /ut M,

We consider the qurity o (L) Tl F((o(L)a (;(L))] =Tr[¢(Ll)1].



“':u,,u,,...,u,,[ Tr[ ((J (L))1 ]] = Boy,.u [Tr ( F( ((l—) 8 (L))]]

((l.)‘-'— (Ml_aﬂ.,_,,o cafl o ./L/)(w(()\)
My

= By TP (M 0,) o sy (0, 0)])
= Byt in[ F ( (Mm o My ) By, [(u, o L) ((’ “P)]m

!'Eu.[(u.auul((wpllmw)f]
(® Fach U; choten indegendent ly almf\dom!)

= L _d Apl
- 1((9/)=1Eu[{uou)([oop)(ucu)fj ‘J}l_ﬂl “PE 0 -\ (l alT[ ])

FJ T b
1+

= (-4 = & (2]

= gPa.f.H it o probability diSibuhon .’




. Le} B = ( ;‘)} Tr[F j((s()) =;L,0°+J,p,=Tr[f‘].

—Bode 1 he purity alwlation
]Eu.,u,,..,ub[ Tr[ ((’ lL))l]] = ‘Elh..-..ut[T"[ F ( (Ml:l, "Ml-‘L) Eﬂ\ [(U, b "") ((’ “(’)])”

= Eu,[(u,ou.)(ps{:)(u.nu.)f]

fﬂ*Jﬂ ¢
= Em.....w[Tr[F ( (&L "fﬂ) ( Po Mot pr M m
L” ,'>=M3:L°u1°/|f

= Euy,. ,ui [ ( (,u“aM, (ulau,, p (o (m,)4 P (Wa (M) nn

\I

[ ,443 8 My E"m (uleul)( (W (My)+ p (Wa M(Mﬁ]m

r\/u_oﬂ +fF .—_d’&Mof al{sM|

00 it ferm by ferm: L
[ (o) [weof) ) o0 ] = B 1, 08,

—
o= i (FLO-40100) =5 (@— Hlih)
0

® ® 0




0« Hlreanml]<Tim) (T Wit e praonsing!)

. _ s
= | [m, :1)

® [ Flwour\(m)) = xTe(F (wowl(s2)
[F (wig) e wca))]
g L
Ka ’“mﬂ | W il 5 N(4)= 1
Tl WG] patin =B

cun. = “unitality” g S,
tol {;“ x1a1+(s|:
B[ (o) (o) ) [wo w)f] = B, T - f

o= [#lc)- i{ﬂ))) b= @@])
o B ® O

O: Tllwem(m)) = w[m)=1 (b w Tp)) (M= 7F)

Tt
B T (wo)(m)) = &”Tf [FloronlF))<dglo) Ty W) =Telwtny |

vt = L1l (weid) (p) s )R] = 7l (idow)F)]
%-»,-*C"( 5 ‘%Wf liXi s (iden)(F) ((10M)lf‘)=[ﬂraﬂ)l’ff))
Te; G s
=i[ida‘N\(§’) "&[ (e[| - %’OW (T) 5351
[ e 2 (Gl a3) (Wfoid ) [F)l1pre 1) z’flkm (13%1) 12 15
Tr[(?d\fi@(if\] T ({c] Jy

=1, Ty (o ) F4) jf iptd (""")] i

"’"-H



=T [@ z| v/ ‘l“l"
il - 2 Tl e %)
15 o

A1
gz LT ((dsaas )Y =L L) %
-—Tr[ ((iead)(#9)’)] i
Ail Chai Ctafe! N ”—XILI)
F - [l 5(1
'i(xlm | = (MO:ANF Zf, M(LI & (Ceied) (whoid)(F) [12)02)
Jl
=i 1% @ [N "I
quo“x' i loXele w1 = (idaW)(F). @

a-) H '
= {14l =d Bt ’
14’:0

fud it all hjeHzcr:

B [0, p, bast(m)1 (oot ())) = (o 4 5, 0)
-I'P] “iu Mo+, Ml)

= ( Poteo t Pity ) M, + (f'o{m'* P!’fu) M

Lot ?ﬁ( Pot..w,t,,): (t,. f ( f,)
Bt + P4 Bro 1, I

hv_’-d

=T T,
t,,o=%(;, | t:f;%l/a(ﬂ)"i)z =T (w(F))]
T ‘%1’_ (l" 1‘”)) ) ‘|:" = J‘Il W) ..,,-) flw) A,Tf[(lldalﬂ)u:»]

d-| = Tr[(( ola.ﬂ)(i*))t]

ot 4l ond qia) ot puifies = AT CENEETITEY

),{"



=7 {fm 'tn) Yo, 1y 7 0.

o Albo, g+ b «.A.ld ayﬁlydy", jg_ o

ty+h = f_’,(d““lﬂ’ml'wl"ll') 32%! %—'vl

5 T- ({.D Jc.,) 9 o Shochantic matrix | Columes Foin
L, 4 prObabanf7
didtri buﬁo:w)

— ConClpde purity - Colaulations
IEU!;“:,---,IAL[ Tr[ (%: ,E(h.lh,...,u,_ [TI‘ [ F ( ((L) 8 (’ (L))]]
(
= IE(&},...,uL[ T[F ‘ (/443:L9M3:L) Eul[(ulauz,)(f’o (./lfdm(M,))‘f PI ('Afa N)(M))ﬂ)]

}[’4 ( 9> % ‘ Potes * Pty ) M, + (Fo'tm" F'{«)ml
0 PI 5 /\'L Qb
ﬁ"fﬂo 7 b & We wil alwayys hart o liear Combinafion v)[ M, an M, !

@?Mbabilify vechr for the finel Siake o) wil be -;L.; TL)o E( ’::.a)
¢ L)

= Mackov chain Stucture! The Markev chain hat dn ly wo Prabes,
and The State fransifiond are 3wnu k\/ the madnx T.

® Recoves purity from 'ﬂ‘- Tf[((’“)ﬂ=?{ ot 4



0= #"—)-(l &L\) \ b= 1= {L'_‘.t)(i—o-)

—{L dq(w) _,] b = 1= (.L-_i)(a-s) y-C=lineh

b

. d al . 4]
(ql_ l'LL)(ﬂ;) Po'ﬁT('“J‘ﬁ[{]):m 1t
|-a, b, P

ﬂ» 2 "'l
! -4 L\ g [ inifie
l fr= (Tfffi uL)’,FTJSJ/aR

T put

(l’h r’,, + (l_bL)P‘ ) intHedl ghote
l"“g)f’, + by gy

d L
_o)d |
g oRed

7 gl A, a4 b+ d’lf(‘ll'“"'v)“””L)

d+tl 4 |
i TL»
1" the limid L—~rw i M T _l_(/—b |- ) —FL
|-C
\\Wf -6 |-a
P .
oy o fimnf = Ll H)(Fa) =L l-—b) (independent § #he
0 [ T -2 [-& P, [-¢ | 1-a initial dir buion ,)



= A (1o 0] wn=Te[ [w({)}]

) = 27 lidow)F))]

ﬁﬂll)ﬂi
o s wtad: pin= Tl (3] » a=_olll,,i,)=41(dtgl)=|

9 Ce-lfatl= b ¥ puidy ig L (dl, l—b)*O] 3,5 >ruu47%f



