




















































































t.EEiiiEmesearawnsomtheHaarmeasureIthinu uniform

distributionoverunitaries

Used in physicstomodelchaoticdynamics scrambling

Used in CScontext to assess quantumadvantage
in cryptography as a sourceof randomness

How complex are random n quesit unitaries

THowcanwegenerate a
tgrandfunitary

frommoreelementary

gates e.g Cliffordgates or a k designunitary

Lookat aquantacuits quantumchannel
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Noiseless noisy

Pick every two qubitgate at random fromtheHaardistribution
or some otherensemble























































































Recall a unitary2 design
isTnyset g3,1Stan
that

EY
UNMU

upmu.ge
U Haar

Real a unitarydeign
is any set u3,1such
that

ELUMUh
ughmust

Considerthenoisy case noiseless is a specialcase
We focus on quantities thatrequire accessto only Lies ofthe
circuit eg.it Yrecan trlpt trlEppopll

swapoperator
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10
Uh10 EachUi is chosen independently

10 We havetwo copiesof each
1

u u p
u

unitary
10

usie 3 Wecantake averages independent
overevery twoqubit pain

10
u Real If XandYare indepRVs

10
then IEXY IELXIELY

10
a up p

i
u

Wehaveto calculatethe

10 3 Ug
expectation values

o I over

everyqubitpair

Bc we needonlytwo copies thecircuitcanconsistofrandomly chosen
Cliffordgates BctheCliffordgates form a unitary2 design

Howdoes purity decayas a functionofdepth

This canalso beusedto addressent emntgrowth inthecircuit
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a

We canquantify theentanglement
A le using enemntntropy.to

a a 1 1 Elly sltr.am a
10

B 107
a

45
Slp Triplegp entropy

1 48
purity

sin.eE i entropyE 1f1 t

unitaryforthefullcircuit aka collisionentropy
14AB 4107 PA Trp Uloscolonut

Trpi Tr F PAPA Trffa Up 14741A 1474arial

Tr FAIALOAB.ba lUau10ok0,010n uou t

Iii.itiiIiiiit t i iiirandompurestate

L pi.MEl atneiselesscasefirst

consider two copies andtakethe average

Eu thou pop nault
FinitialState

Fromlasttimeweknowthatdopier

eallueuype.pl uaustl a a PF























































































trfmf dtrlfp.tl i trlpep1 ttr Fpep1 at 1 tatrlpt

III II t.at ll tallI initial
l

stateispure

β.at trlitp htrimI atiltrlit t i f ittaide
Nowfromabove EuTrPnl Tr FAIALODB.ba lEulUou10ok0,010nuoult

Fy GaapApp Fame

atamtrlfamea.attftliyFaac i
i'isstin

iqa.ng
d dadis

aatnlffefpd.lt paltfFesal

dn.dedadT dadi dade aff ng dB da

eg da 2ʰ do 2

Eu Elma leg.la ttl
Note Maximumvalueof E 147ms is logida 51pA logda Pa























































































e.g for 14AB 111ns n qubit maximally entangled state

Pa En E 1 a log2n n

Note Exactvalueof Eu E 147am is known Calledthe RoEy
Forda da EuleMal Elite hf

da dis 2 n total ofqubits

I Reny 2 lowerbound

pageentropy























































































1N
da do 2 Pr E 197m c1 a h expl t.tl1g sog

With highprob as neo a randompurestateismaximallyentangled

Nowaddnoise

t.EEIEEEDEEEDE
Let p be an initial state The stateafter 1 layers is

014 114 4
to 1911 p Uit uipuit

Weconsider the purityof p4 Tr F p t pLl Trplat







 Eunua.me Trlp1L1Pt IEanua ucTr F plLoplL

1111 leges apt
1Eur.uaTr F marlu lp1 aMain a p1

Eun.uaTr F mammal lui pop
Eu You pop uaunt

EachUi chosen independently atrandom

9pop Eu luau pop luault defttip
1 dirp

p at trip t

p.FItPEan
da 1 attrips p dp trip t

Bc detrip 1 pose and pie

Also ftp d Tfp f d 1 1

pupil is a probability distribution



Let p Tr F I pop Ipotap Trip

Back to thepurity calculation

Emmanueltrllekiit ta.mu
trlillmomltfl iiflup

Atap
Eun.muTr F meL Main PoMotpM

Its Mironov
VEua.nu

Tr F us Msc Roa ptroutMoltp row mil

Eu uaTr F lMnoMn Eollrowmlpoltpill
DOAtermbyterFWAPF dkmotdp.im

1Eur Us 4 now Mo useult
dthm.toiM

ltEHF.atmgmttmrg



TillorerMol trim IfWistracepreserving
M111

TrF row Mol Itr Floor Aal
Tr FWAlena

TrlWAIT
orunital WIN 1

Trlwl tmlm trltall.fi
Erm unitality ofW

1 1 PF
IEu.llueu.lt mluouiltl dmotafmimiE

do lefefftifyfather
Tillmonmil TrMil I bk orTP Mike
TIFNowMil Floren F1apr

TrYIN Truthx

r ortoid F iden Fl hillidow F1

I pixilation Fidelity 1 mile mto.net

T.FI lE
fiwtoidllt fiwtllixi1otisg

not wtoid F 1117 1 lkwtlijkillle7likjl

If.itfltalmayth ttn 1iFcurtsadmit
I



TraFat
towllexkillikil

listilnW1 Tr llidowIldEt liki will hi likil

IEiii.itilita nuesan

Intoid F lk Ikea wtoid F 19701

listitalistil Éi.lkleloNleXhI lidaw F Be

Filiist.it det

Put it all together

1Eur 4,042 porowMo p row Mil Po tooMottoMi

p toMottiMi

potoo pito Mo potiotpit.IM

retail ii.li lffilli
too 1 11 to mar 4 mln Tr lurfall

to 1 21m 4 dam not titillidowF1
Tr lidar Et

BothMortandniniare purities feminist RINI I



tooto to to 0

Also too to d MYMm 1

to to d drool dy at 1

T
to y

is a stochasticmates columnsform

probability
distributions

Conclude purity calculation

EunuameTrlp1L1Pt IEunua ucTr F plLoplL

T.atmmyiEiiiitiiii itF i
PTpo

We
willalwayshave a linearcombinationofMeandMi

Probability vectorforthefinalstatepillwill be I Phi

Markovchainstructure The Markov chain hasonlytwoStates

andthe state transitions are governedby thematrixT

Recover purity from p Tr plat ph dpa



Now t I the i

a Ill All a 1 EEc a
b dam d be 1 ft 1 b c Itatb

Pil's I pi at 1 trial
PF.fi tr1f tl at

ttsipTae

Acp It bep initialstate

11 epothip
qu.at It ba l

inan be

Pt dpa art E d 1 apr db

In the limit has first t I
to

Muthis

ergodic Im I 1 Fall t.ba independentofthe
initialdistribution

parity is tall b d 1 a C Itatb
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Trllurfall7bdrlwl tlniwl tatrlidowF1

W11 1

Element min t.lt lt t sa g l1 atl ldttl 1
c Itath b purity is f tall b to purityof


